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Special Lagrangian submanifolds with isolated 
conical singularities. II. Moduli spaces 
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1 Introduction 

Special Lagrangian m-folds (SL m-folds) are a distinguished class of real m- 
dimensional minimal submanifolds which may be defined in C™, or in Calabi- 
Yau m-folds, or more generally in almost Calabi-Yau m-folds (compact Kahler 
m-folds with trivial canonical bundle). 

This is the second in a series of five papers 03 [no O 03 studying SL 
m-folds with isolated conical singularities. That is, we consider an SL m-fold 
X in M with singularities at xi,...,Xn in M, such that for some SL cones 
Ci in Tx,M = C™ with Ci \ {0} nonsingular, X approaches Ci near Xi in an 
asymptotic sense. Readers are advised to begin with the final paper m, 
which surveys the series, and applies the results to prove some conjectures. 

Having a good understanding of the singularities of special Lagrangian sub¬ 
manifolds will be essential in clarifying the Strominger-Yau-Zaslow conjecture 
on the Mirror Symmetry of Calabi-Yau 3-folds [22, and also in resolving conjec¬ 
tures made by the author (Sj on defining new invariants of Calabi-Yau 3-folds 
by counting special Lagrangian homology 3-spheres with weights. The series 
aims to develop such an understanding for simple singularities of SL m-folds. 

In this paper we study the deformation theory of compact SL m-folds X 
with conical singularities xi,... ,Xn with cones Ci,, Cn in an almost Calabi- 
Yau m-fold M, extending results of McLean m for nonsingular compact SL 
m-folds. We define the moduli space Aix oi deformations of X as an SL m-fold 
with conical singularities in M, and construct a natural topology on AJx- 

We prove that AJx is locally homeomorphic to the zeroes of a smooth map 
$ : Xx' —> Ox', where the infinitesimal deformation space Xx' and the obstruc¬ 
tion space Ox' are finite-dimensional vector spaces. Here Xx' depends only on 
the topology of X, and Ox' only on the singular cones Ci,..., Cn- If Ox' is 
zero then JY[ x is & smooth manifold. We also consider deformations of Y in a 
smooth family of almost Calabi-Yau m-folds {{M, ,uj^, il^) : s £ JF}. 

The first paper m laid the foundations for the series, and studied the reg¬ 
ularity of SL m-folds with conical singularities near their singular points. The 
sequels [mini will consider desingularizations of a compact SL m-fold X with 
conical singularities xi,... ,Xn with cones Ci,..., Cn in M. We will take non- 
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singular SL m-folds Li,..., L„ in C"* asymptotic to Ci,... ,Cn at infinity, and 
glue them in to X at xi,..., to get a smooth family of compact, nonsingular 
SL TO-folds N in M which converge to X. 

We begin in m with an introduction to special Lagrangian geometry, and 
the deformation theory of nonsingular compact SL m-folds. Section |21 discusses 
special Lagrangian cones and conical singularities of SL m-folds. The previous 
paper m is reviewed in m To keep this paper and [HI El to a manageable 
length we have done quite a lot of work on symplectic geometry and asymptotic 
analysis in advance in ca. and we just quote the results. 

Section 0 defines the moduli space of SL m-folds and its topology, and 
explains why this definition of topology is a good one. In m we define the 
infinitesimal deformation space 2x' and the obstruction space Ox', and prove 
our first main result. Theorem ion which shows that the moduli space Afx is 
locally homeomorphic to the zeroes of a smooth map $ : Ix' —> Ox'- Thus, if 
Ox' is zero then A4x is a manifold. More generally, if d<i)|o is snrjective then 
is a manifold near X. 

Section 0 extends [0-301 to families { (M, J'*, w®, fl®) : s S A'} of almost 
Calabi-Yau m-folds. We define a joint moduli space Mx with projection : 
Mx —> X such that is the moduli space of deformations of X 

in (M, J'*, w'’, n'*) for s ^ T. Then we show that AdJ is locally homeomorphic 
to the zeroes of a smooth map : T x Ix' Ox', where Tx',Ox' are as 
before. 

Section IS] briefly describes various other extensions of the results to immer¬ 
sions, families of SL cones in C™, and so on. Finally, m considers genericity 
and transversality results. We show that for any compact SL m-fold X with 
conical singularities in (M, J,uj,n), we can choose a family of deformations 
{(M, J, : s G I”} such that AdJ is a manifold near (OjA"), and for small 

generic s € J- the deformed moduli space Ad^ = (7r^)“^(s) is smooth near 
(0,Ai). We conjecture that if the Kahler form oj is chosen generically in its 
Kdhler class, then Adx is smooth. 

Acknowledgements. I would like to thank Stephen Marshall, Mark Haskins and 
Nigel Hitchin for helpful conversations. I was supported by an EPSRC Advanced 
Research Fellowship whilst writing this paper. 


2 Special Lagrangian geometry 

We now introduce special Lagrangian submanifolds (SL m-folds) in two different 
geometric contexts. First, in ^2.11 we define SL m-folds in C"*. Then 3^1 dis¬ 
cusses SL m-folds in almost Calabi-Yau m-folds, compact Kahler manifolds with 
a holomorphic volume form, which generalize Calabi-Yau manifolds. Section r2.dl 
describes the deformation theory of compact SL m-folds. Some references for 
this section are Harvey and Lawson McLean EP, and the author m 
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2.1 Special Lagrangian submanifolds in C™ 

We begin by defining calibrations and calibrated submanifolds, following Harvey 
and Lawson 

Definition 2.1 Let {M,g) be a Riemannian manifold. An oriented tangent 
k-plane R on M is a vector subspace V of some tangent space T^M to M with 
dim V = k, equipped with an orientation. If V is an oriented tangent fc-plane on 
M then g\v is a Euclidean metric on V, so combining g\v with the orientation 
on V gives a natural volume form voly on V, which is a fc-form on V. 

Now let if he a, closed fc-form on M. We say that </? is a calibration on M if 
for every oriented fc-plane E on M we have ip\v ^ voly. Here ip\v = ol ■ voly 
for some a S K., and ip\v ^ voly if a ^ 1. Let N be an oriented submanifold 
of M with dimension k. Then each tangent space T,^N for x S iV is an oriented 
tangent fc-plane. We say that is a calibrated submanifold if flr^N = voIt^at 
for all X G N. 

It is easy to show that calibrated submanifolds are automatically minimal 
submanifolds ^ Th. H.4.2]. Here is the definition of special Lagrangian sub¬ 
manifolds in C™, taken from 0 §111]. 

Definition 2.2 Let C™ have complex coordinates {zi,..., Zm), and define a 
metric g', a real 2-form oj' and a complex m-form 12' on C™ by 

5' = |dzipH- \-\dZm\'^, w'= §(dzi A dzi H-hdzmAdzm), 

and f2' = dzi A • • • A dzm- 

Then Re 12' and Imf2' are real m-forms on C™. Let L be an oriented real 
submanifold of C™ of real dimension m. We say that L is a special Lagrangian 
submanifold of C”'', or SL m-fold for short, if L is calibrated with respect to 
Re 12', in the sense of Definition o 

Harvey and Lawson |31 Cor. HI. 1.11] give the following alternative charac¬ 
terization of special Lagrangian submanifolds: 

Proposition 2.3 Let L be a real m-dimensional submanifold of C™. Then L 
admits an orientation making it into an SL submanifold of C™ if and only if 
w'Il =0 and Imll'lz, =0. 

Thus SL m-folds are Lagrangian submanifolds in = C™ satisfying the 
extra condition that Imll'li = 0, which is how they get their name. 

2.2 Almost Calabi—Yau m-folds and SL m-folds 

We shall define special Lagrangian submanifolds not just in Calabi-Yau mani¬ 
folds, as usual, but in the much larger class of almost Calabi-Yau manifolds. 

Definition 2.4 Let m ^ 2. An almost Calabi-Yau m-fold is a quadruple 
(M, J, OJ, 12) such that (M, J) is a compact m-dimensional complex manifold, 
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a; is the Kahler form of a Kahler metric g on M, and is a non-vanishing 
holomorphic (m, 0)-form on M. 

We call (M, J, w, a Calabi-Yau m-fold if in addition ui and satisfy 

Afi. (2) 

Then for each x G M there exists an isomorphism TxM = C™ that identihes 
gx,u!x and with the flat versions g',u!',n' on C™ in O- Furthermore, g is 
Ricci-flat and its holonomy group is a subgroup of SU(m). 

This is not the usual definition of a Calabi-Yau manifold, but is essentially 
equivalent to it. 

Definition 2.5 Let (M, J, uj, fl) be an almost Calabi-Yau m-fold, and N a real 
m-dimensional submanifold of M. We call N a special Lagrangian submanifold, 
or SL m-fold for short, if = Imn|jv = 0. It easily follows that RenjAr is a 
nonvanishing m-form on N. Thus N is orientable, with a unique orientation in 
which Reniw is positive. 

Again, this is not the usual definition of SL m-fold, but is essentially equiv¬ 
alent to it. Suppose {M,J,uj,VL) is an almost Calabi-Yau m-fold, with metric 
g. Let '0 : M —> (0, oo) be the unique smooth function such that 

lm\ = A n, (3) 

and define g to be the conformally equivalent metric ip'^g on M. Then Re is a 
calibration on the Riemannian manifold (M, g), and SL m-folds N in (M, J, u, 17) 
are calibrated with respect to it, so that they are minimal with respect to g. 

If M is a Calabi-Yau m-fold then if = 1 hy so g = g, and an m- 
submanifold in M is special Lagrangian if and only if it is calibrated w.r.t. 
Re n on (M, g), as in Dehnition l2.2l This recovers the usual definition of special 
Lagrangian m-folds in Calabi-Yau m-folds. 

2.3 Deformations of compact SL m-folds 

The deformation theory of special Lagrangian submanifolds was studied by 
McLean HU §3], who proved the following result in the Calabi-Yau case. The 
extension to the almost Calabi-Yau case is described in HH §9.5]. 

Theorem 2.6 Let N be a compact SL m-fold in an almost Calabi-Yau m-fold 
{M, J,uj,Ll). Then the moduli space A4x of special Lagrangian deformations of 
N is a smooth manifold of dimension b^(N), the first Betti number of N. 

We now give a partial proof of Theorem l2.6l glossing over the analytic details, 
and concentrating on the parts we will use later. We start by recalling some 
symplectic geometry, which can be found in McDuff and Salamon El 

Let fV be a real m-manifold. Then its tangent bundle T*N has a canonical 
symplectic form 6j, defined as follows. Let (xi,... ,Xm) be local coordinates 
on N. Extend them to local coordinates {xi, ..., Xm, Ui, ■ ■ ■, Um) on T*N such 
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that (xi,.. ., j/m) represents the 1-form j/idxi -I- • • • -I- ymdxm in ■ 

Then Co = dxi A dyi -I- ■ • • -I- dxm A dym- 

Identify N with the zero section in T*N. Then is a Lagrangian submani¬ 
fold of T*N. The Lagrangian Neighbourhood Theorem [T!?l Th. 3.33] shows that 
any compact Lagrangian submanifold in a symplectic manifold looks locally 
like the zero section in T*N. 

Theorem 2.7 Let be a symplectic manifold and N G M a compact 

Lagrangian submanifold. Then there exists an open tubular neighbourhood U of 
the zero section N in T*N, and an embedding ^ '.U ^ M with $|jv = id : A^ —> 
N and $*(a;) = Co, where Co is the canonical symplectic structure on T*N. 

In the situation of Theorem l2.til let g be the Kahler metric on M, and define 
ijj : M ^ {0, oo) by 0. Applying Theorem 12 . 71 gives an open neighbourhood U 
of N in T*N and an embedding ^ : U ^ M. Let n : U ^ N he the natural 
projection. Define an m-form /3 on [/ by /3 = <i)*(ImD). If a is a 1-form on 
N let r(a) be the graph of a in T*N, and write C°°(U) C C°°(T*N) for the 
subset of 1-forms whose graphs lie in U. 

Then each submanifold N oi M which is C^-close to N is <I>(r(a)) for some 
small a G C°°{U). Here is the condition for N to be special Lagrangian. 

Lemma 2.8 In the situation above, if a G C°°{U) then N = <i)(r(a)) is a 
special Lagrangian m-fold in M if and only if da = 0 and tt* (/3|p(c,)) = 0. 


Proof. By Definition 12.51 N is an SL m-fold in M if and only if cj | ^ = Im D | = 

0. Pulling back by $ and pushing forward by tt : r(a) —> N, we see that N is 
special Lagrangian if and only if tt*(( i)|r(a)) = 7r*(/3|r(a)) = 0: since <I>*(w) = Co 
and $*(ImH) = (3. But as Co is the natural symplectic structure on U C T*N 
we have 7rH.(a)|r(a)) = —da, and the lemma follows. □ 

We rewrite the condition 7r*(/3|r(a)) = 0 in terms of a function F. 

Definition 2.9 Define F : C°°{U) C°°{N) by tt* (/3|r(a)) = A'(a)dl^, where 

dVg is the volume form of g\N on N. Then Lemma lTRl shows that if a S C°°{U) 
then <i)(r(a)) is special Lagrangian if and only if da = F{a) = 0. 

We compute the expansion of F up to first order in a. 

Proposition 2.10 This function F may be written 

F{a)[x] =—d* Q{x,a{x),Va{x)) for x G N, (4) 

where Q : {{x,y,z) : x G N, y G TfN GU, z G —S' R is smooth and 

Q{x, y, z) = 0{\y\^ + jzp) for small y, z. 

Proof. The value of F{a) at x G N depends on the tangent space Ta,/r(a), where 
x' G r(a) with 7r(x') = x. But r 2 ,/r(a) depends on both aja, and Valx- Hence 
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F{a) depends pointwise on both a and Va, rather than just a. So we may 
take 0 as a definition of Q, and Q is then well-defined on the set of all {x, y, z) 
realized by (x,a(x),Va(x)') for a S C°°{U), which is the domain given for Q. 

As F depends smoothly on a we see that Q is a smooth function of its 
arguments. Therefore Taylor’s theorem yields 

Q(x, y, z) = Q{x, 0,0) y • {dyQ){x, 0,0) z • {d^Q){x, 0,0) -h 0(|yP + \z\^) 


for small y,z. So to prove that Q{x,y,z) = 0{\y\'^ + |z|^) we just need to 
show that (5(a:,0,0) = 9y(5(a:,0,0) = 92 ( 5 (a;, 0 , 0) = 0. Now N = <i)(r(0)) is 
special Lagrangian, so a = 0 satisfies F{a) = 0 by Definition 12.91 Thus 0 
gives Qix, 0 , 0 ) = 0 . 

To compute dyQ{x, 0,0) and dzQ{x, 0,0), let a S C°°{U) be small, and let v 
be the vector field on T*N with v -u) = —TT*{a). Then v is tangent to the fibres 
of TT : T*N —> N, and exp(u) maps T*N —> T*N taking 7 a -I- 7 for 1-forms 
7 on N. Identifying N with the zero section of T*N, the image exp(su)[A^] of 
N under exp(su) is r(sa) for s G [0,1]. 

Therefore F{sa) dV"g = exp(su)*(/3) for s G [0,1]. Differentiating gives 


df’|o(a)dVg = ^(f’(sa)) ^(exp(su)*(/3)) 


= (£„/?) ^ = (d(u-/3)+u • (d/3)) 


N 


(5) 

= d((u • I3)\n), 


where Cy is the Lie derivative, ‘ • ’ contracts together vector fields and forms, 
and d/3 = 0 as D is closed and (3 = $*(Imr2). 

Calculation at a point x € N shows that {y ■ /3)|Ar = '0™ * a, where * is the 
Hodge star of g on N. As =i=dlg = 1 and *d* = —d* on 1-forms, 0 gives 

dF|o(a) dVg = *a) = (*d * dVg = (-d*(iA"‘a)) dVg. 

Comparing this with Q) shows that dyQ{x,d,d) = dzQ{x,0,0) = 0, which 
completes the proof. □ 

We briefly sketch the remainder of the proof of Theorem l2.til From Definition 
El and Proposition iTini we see that Adx is locally approximately isomorphic 
to the vector space of 1-forms a with da = d*('(/''"a) = 0. But by Hodge 
theory, this is isomorphic to the de Rham cohomology group and is 

a manifold with dimension b^{N). 

To carry out this last step rigorously requires some technical machinery: one 
must work with certain Banach spaces of sections of A^T*N for fc = 0,1, 2, use 
elliptic regularity results to prove that the map a (da,dF|o(a)) is surjective 
upon the appropriate Banach spaces, and then use the Implicit Mapping Theo¬ 
rem for Banach spaces to show that the kernel of the map is what we expect. 

Finally we extend of Theorem l 2 .(ll to families of almost Calabi-Yau m-folds. 

Definition 2.11 Let {M, J,uj,il) be an almost Calabi-Yau m-fold. A smooth 
family of deformations of {M, J, w, H) is a connected open set JF C M'’* for d ^ 0 
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with Q ^ T called the base space, and a smooth family {(M, J®, : s G 

of almost Calabi-Yau structures on M with = {J,uj,n). 

If is a compact SL m-fold in {M, J,uj,il), the moduli of deformations of 
N in each {M, J®, w®, fl®) for s G IF make up a big moduli space Ad J. 

Definition 2.12 Let {(M, J®, w®, 12®) : s G 2 F} be a smooth family of defor¬ 
mations of an almost Calabi-Yau m-fold (M, J, w,f2), and be a compact SL 
m-fold in {M, J,ui,Vt). Define the moduli space of deformations of N in 
the family T to be the set of pairs (s, N) for which s G A" and iV is a compact SL 
m-fold in {M, J®, w®, 12®) which is diffeomorphic to N and isotopic to N in M. 
Define a projection tt^ : AdJ —> A” by tt^(s,N) = s. Then AdJ has a natural 
topology, and tt^ is continuous. 

The following result is proved by Marshall im Th. 3.2.9], using similar 
methods to Theorem EH 

Theorem 2.13 Let {(M, J®, w®, 12®) : s G A} be a smooth family of deforma¬ 
tions of an almost Calabi-Yau m-fold {M, J, u;, Lt), with base space A C R.'^. 
Suppose N is a compact SL m-fold in (M, J,uj, 12) with [w®| 7 v] = 0 m 
and [Iml2®|7v] = 0 in for all s G A. Let AdJ be the moduli space of 

deformations of N in A, and J- the natural projection. 

Then A4^ is a smooth manifold of dimension d-\-b^{N), and : AdJ —> A 
a smooth submersion. For small s G J- the moduli space A4% = {tt^)~^{s) of 
deformations of N in {M, ,n^) is a nonempty smooth manifold of dimen¬ 

sion b^{N), with Ad° = Adx. 

Here a necessary condition for the existence of an SL m-fold N isotopic to 
N in (M, J®,u;®, 12®) is that [i^®|Ar] = [Iml2®|Ar] = 0 in since [w®|jv] 

and [w®|iv] are identified under the natural isomorphism between and 

7J^(iV,IR), and similarly for Iml2®. 

The point of the theorem is that these conditions [w®|Ar] = [Iml2®|jv] = 0 
are also sufficient for the existence of N when s is close to 0 in A. That is, 
the only obstructions to existence of compact SL m-folds when we deform the 
underlying almost Calabi-Yau m-fold are the obvious cohomological ones. 

3 SL cones and conical singularities 

After some preliminary work in EH on special Lagrangian cones, and some 
examples in E 2 section EH defines special Lagrangian m-folds with conical 
singularities in almost Calabi-Yau manifolds, which are the subject of the paper. 

3.1 Preliminaries on special Lagrangian cones 

We now give some definitions and results on special Lagrangian cones. Some 
are quoted from m, and some are new. 
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Definition 3.1 A (singular) SL m-fold C in C"* is called a cone \i C = tC for 
all t > 0, where tC = {tx : x G C}. Let C be a closed SL cone in C™ with an 
isolated singularity at 0. Then E = is a compact, nonsingular (to—1)- 

submanifold of not necessarily connected. Let g-^ be the restriction of 

g' to S, where g' is as in O- 

Set C = C \ {0}. Define 6 : E x (0, oo) C™ by i(cr, r) = ra. Then l has 
image C. By an abuse of notation, identify C with E x (0, oo) using u. The 
cone metric on C" = E x (0,oo) is g' = L*{g') = dr^ d-r^g^- 

For a £ K., we say that a function u : C' —> K. is homogeneous of order 
a a u o t = t°‘u for all t > 0. Equivalently, u is homogeneous of order a if 
u(tT, r) = r°‘v{a) for some function w : E —> K.. 

In | 12 l Lem. 2.3] we study homogeneous harmonic functions on C'. 

Lemma 3.2 In the situation of Deftnition \d. /I let u{a,r) = r°^v{a) he a homo¬ 
geneous function of order a on C' = H x (0, oo), for v G C'^(E). Then 

Au{a, r) = {A^v — a{a + to — 2)v ), 

where A, are the Laplaeians on (C',g') and (T,,g^). Hence, u is harmonic 
on C if and only if v is an eigenfunction of As with eigenvalue a{a-\-m — 2). 


Following |12[ Def. 2.5], we define: 

Definition 3.3 In the situation of Definition EH suppose TO > 2 and define 

2 ?s = {a S R : a(a + to — 2 ) is an eigenvalue of As}. ( 6 ) 

Then X>s is a countable, discrete subset of R. By Lemma EH an equivalent 
definition is that T>s is the set of a G K for which there exists a nonzero homo¬ 
geneous harmonic function u of order a on C". 

Define TOs : X>s ^ N by taking m^{a) to be the multiplicity of the eigen¬ 
value a (a + TO — 2) of As, or equivalently the dimension of the vector space of 
homogeneous harmonic functions u of order a on C". Define As : R —> Z by 

Ns{S) = — m-s{a) if (5 < 0, and Ns{S) = if 5 ^ 0. (7) 

aei?sn(i5,o) aei?En[o,(5] 

Then As is monotone increasing and upper semicontinuous, and is discontinuous 
exactly on X>s, increasing by TOs(a) at each a G V-^. As the eigenvalues of As 
are nonnegative, we see that 2 ?s H (2 — m, 0 ) = 0 and As = 0 on (2 — to, 0 ). 

We shall show that there automatically exist homogeneous harmonic func¬ 
tions on C' of orders 1 and 2, using the idea of moment map. The group of 
automorphisms of C™ preserving g',uj' and Tl' is SU(to) x C™, where C™ acts 
by translations. Its Lie algebra su(to) k C™ acts on C”^ by vector fields. 

Let V be such a vector field in su(m) x C”^. Then • w' is a closed I-form 
on C”^, and we may write v ■ ut' = dg for some function g : C™ ^ R, which is 
unique up to addition of constants, and is in fact a real quadratic polynomial. 
We call g a moment map for v. 
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Lemma 3.4 Let L he an SL m-fold in C™, and let /i : C™ —> K &e a moment 
map for a vector field v in su(m) k C"*. Then is a harmonic function on 
L, using the obvious metric g'\L- 

Proof. In the proof of Theorem l2.hl we saw that infinitesimal deformations of an 
SL TO-fold L as a submanifold correspond to 1-forms a on L, and infinitesimal 
deformations as an SL m-fold to closed and coclosed 1-forms a on L. 

Now as SU(m) k C™ takes SL m-folds in C™ to SL m-folds in C™, the vector 
field V in su(m) k C™ gives an infinitesimal deformation of L as an SL m-fold in 
C"*. It is easy to see that the corresponding 1-form on L is {v ■ ui)\L. Therefore 
{v ■ uj)\l = d^li is a closed and coclosed 1-form on L, and thus d*(d^|L) = 0, 
so p\l is harmonic. □ 

Proposition 3.5 Let C he an SL cone in C"* with isolated singularity at 0, 
and G the Lie subgroup of SU(m) preserving C. Set C' = C \ {0} and E = 
C n and let m-s be as in Deftnition \S.S\ Then 

(a) The restriction of real linear functions on C™ to C' form a vector space 
of order 1 homogeneous harmonic functions on C', with dimension 2m. 
Hence ms(l) ^ 2m. 

(b) The restriction of su(m) moment maps p, : C"* —*■ K with p,{0) = 0 to C' 

form a vector space of order 2 homogeneous harmonic functions on C', 
with dimension m^ —1 —dimC?. Hence ^ m^ —1 —dimG. 


Proof. Real linear functions on C™ are moment maps of translations on C"*, 
and so restrict to harmonic maps on SL m-folds L in C™ by Lemma 13.41 Thus 
the vector space in (a) is of harmonic functions on C', which are clearly homo¬ 
geneous of order 1. Now C has a unique singular point at 0, so it cannot be 
invariant under nontrivial translations. Therefore the moment map of a non¬ 
trivial translation cannot vanish on C', and the restriction in (a) is injective. It 
follows that the vector space has dimension 2 m, proving part (a). 

For (b), each su(m) vector field has a unique moment map p, : C™ —> R 
with /i(0) = 0, which is a homogeneous real quadratic polynomial. It follows as 
for (a) that the vector space in (b) consists of order 2 homogeneous harmonic 
functions on C'. This vector space is the image of a linear map from su(m), and 
it is easy to show that the kernel of this map is g, the Lie algebra of G. Hence 
the dimension of the vector space is dimsu(m) — dimg by rank-nullity, and the 
proposition follows. □ 

We define the stability index of G, and stable and rigid cones. 

Definition 3.6 Let G be an SL cone in C™ for m > 2 with an isolated 
singularity at 0, let G be the Lie subgroup of SU(m) preserving G, and use the 
notation of Definitions IQ and 13.31 Then 

mE( 0 ) = mi;(l) ^ 2 m and w? — \ — dimG, ( 8 ) 
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where the first equation follows as TOe ( 0 ) is the multiplicity of the eigenvalue 0 
of Ae, and the others from Proposition |^1 
Define the stability index s-ind(C') to be 

s-ind(C') = Ae(2) — 6 °(S) — w? — 2m + 1 + dimG. (9) 

Then s-ind(G) ^ 0 by ©, as Ns{2) > mE(0) + mE(l) + TOe(2) by |7J). We call 
C stable if s-ind(G) = 0. 

Following | 12 [ Def. 6.7], we call C rigid if m-^{2) = m? — 1 — dimG. As 
s-ind(G) ^ m^{2) — {m? — 1 — dimG) > 0, 
we see that if C is stable, then C is rigid. 

Here is the point of this definition. In deforming SL m-folds X in an almost 
Calabi-Yau m-fold M with a conical singularity x modelled on G, it will turn out 
in m that X contributes an obstruction space of dimension Ae( 2) to deforming 
X. However, we will be able to overcome a subspace of these obstructions with 
dimension 6 °(S) + + 2m — 1 — dim G automatically, by moving x around in 

M, and changing the identihcation C™ = T^M. Thus s-ind(G) is the dimension 
of the residual obstruction space, which we cannot get rid of. 

If G is stable then the deformation problem is unobstructed. Rigid (and more 
generally Jacobi integrable) SL cones were discussed in § 6 ]. An SL cone G 
is rigid if all infinitesimal deformations of G as an SL cone come from 5 u(m) 
rotations. 

3.2 Examples of special Lagrangian cones 

Examples of SL cones are constructed by Harvey and Lawson ^ §111.3], the 
author 00 , and others. We will study a family of special Lagrangian cones in 
C"* constructed by Harvey and Lawson ^ §111.3.A]. For m ^ 3, define 

CZ = {(-^ 1 , ■ ■ • € C™ : Jzil = ■ • • = Jz^l, •••Zm e [0, oo)}. (10) 

Then Cfff is a special Lagrangian cone in C™ with an isolated singularity at 
0, and = G((§ n is an (m—l)-torus with a flat metric. Also 

and are invariant under the 11(1)"*“^ subgroup of SU(m) acting by 

{zi,... ,Zm) ^ Zm) for e K with 01 +- \-9^ = 0. (11) 

In fact ± G™ for m odd, and iC^ for m even, are the unique SL cones in 
C"* invariant under OH, which is how Harvey and Lawson constructed them. 

We shall find the stability index s-ind(G2(^) of these cones, and test whether 
they are stable or rigid. This was first done by the author El §3.2] for m = 3 and 
Marshall |17[ §6.3.4] for 3 ^ m ^ 8 . The metric on = T'^~^ is flat, so it is 
not difficult to compute the eigenvalues of Ae^^^. There is a 1-1 correspondence 
between (ni,..., Um-i) G and eigenvectors of AEgy with eigenvalue 

m—1 m—1 

( 12 ) 

i—1 
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Using 03 and a computer we can find the eigenvalues of , and their 
multiplicities. Thus we can calculate which is the sum of multiplicities 

of eigenvalues in [0, 2m], and msm^{2), which is the multiplicity of the eigenvalue 
2m. A table of eigenvalues and multiplicities for 3 ^ m ^ 8 is given in Marshall 
pn Table 6.1]. Now the subgroup Gm of SU(m) preserving is U(l)'"“^, 
with dimension m — 1. Thus @ gives s-ind(C'2];_) = — to — 1. 

Table^gives the data to, {2),msm (2) and s-ind(C21) for 3 ^ to ^ 12. 


m 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

A..J2) 

13 

27 

51 

93 

169 

311 

331 

201 

243 

289 

TOsjyj2) 

6 

12 

20 

30 

42 

126 

240 

90 

110 

132 

s-ind(C™) 

0 

6 

20 

50 

112 

238 

240 

90 

110 

132 


Table 1: Data for U(l)'" ^-invariant SL cones in C"* 

Motivated by Tabled with some more work one can prove that 

= 2to^ + 1 and msm^{2) = s-ind(C^) = to^ — to for to ^ 10. (13) 

As is stable when s-ind(C)((^) = 0 we see from Tableland (tT^ that is 
a stable cone in C^, but is unstable for to ^ 4. 

Also is rigid when TOEm^(2) = m^ — to. Thus is rigid if and only if 
TO 7 ^ 8 ,9, by Tabled and m- It would be interesting to know whether the SL 
cones Cl, and C9, are Jacobi integrable in the sense of na § 6 ], as rigid implies 
Jacobi integrable but not vice versa. The author guesses that Cl,, C]], are not 
Jacobi integrable. 

3.3 Special Lagrangian m-folds with conical singularities 

Now we can define conical singularities of SL m-folds, following im Def. 3.6]. 

Definition 3.7 Let {M,J,oj,Vl) be an almost Calabi-Yau m-fold for to > 2, 
and define ip : M ^ (0,oo) as in Q. Suppose A is a compact singular SL 
TO-fold in M with singularities at distinct points xi,...,Xn G A, and no other 
singularities. 

Fix isomorphisms Vi : C™ —> T^-M for i = 1,... ,n such that = iv' 

and u*(n) = where w', D' are as in iQJ. Let Ci,..., C„ be SL cones 

in C"* with isolated singularities at 0. For i = 1,... ,n let = Ci fl 
and let fXi S (2, 3) with 

{2, Hi] n Us- = 0, where Ps. is defined in ©. (14) 

Then we say that A has a conical singularity at Xi, with rate Hi and cone Ci 
for z = 1 ,..., n, if the following holds. 

By Darboux’ Theorem |19[ Th. 3.15] there exist embeddings Ti : Bn M 
for i = satisfying Ti(0) = Xi, dTijo = Vi and T*(aj) = uj', where Br 
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is the open ball of radius R about 0 in C"* for some small i? > 0. Define 
: Ei X (0, R) Br by Li{a, r) = ru for z = 1,..., n. 

Define X' = , a;„}. Then there should exist a compact subset K C 

X' such that X'\K is a, union of open sets , S'„ with Si C Ti{BR), whose 

closures Si,... ,Sn are disjoint in X. For i = 1,...,n and some R' £ (0, R] there 
should exist a smooth (pi :YiiX (0, R') Br such that TiOtpi : x (0, R') —> M 
is a diffeomorphism x (0, R') St, and 

|V'=((/)i- 4 )| =0(r^^-i-'=) as r ^ 0 for fc = 0,1. (15) 

Here V, |. | are computed using the cone metric L*{g') on E^ x (0, R'). 

If the cones Ci,..., Cn are stable in the sense of Definition mn then we say 
that X has stable conical singularities. 

The reasoning behind this definition was discussed in na §3.3], Here we 
just make two remarks: 

• We suppose m > 2 for two reasons. Firstly, the only SL cones in are 
finite unions of SL planes in intersecting only at 0. Thus any SL 
2 -fold with conical singularities is actually nonsingular as an immersed 
2-fold, so there is really no point in studying them. Secondly, m = 2 is a 
special case in the analysis of na §2], and it is simpler to exclude it. 

In the rest of the paper we shall assume m > 2. 

• The purpose of d is to reduce to a minimum the obstructions to deform¬ 
ing X as an SL m-fold with conical singularities. If we omitted condition 
d then each a £ (2,/ri] D would contribute additional obstructions 
to deforming X in m 


4 Review of material from |T2| 

We now review the definitions and results from the preceding paper d which 
we will need later. Throughout we suppose m> 2. 

4.1 Analysis on SL m-folds with conical singularities 

We will need the following tool d Def. 2.6], a smoothed out version of the 
distance from the singular set {xi, . .., a;„} in X. 

Definition 4.1 Let {M, J,uj,^) be an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities at xi,... ,Xn, and use the 
notation of Definition ITtI Define a radius function p on X' to be a smooth 
function p : Y' —> (0,1] such that p = 1 on K and p{y) = d{xi,y) for y £ Si 
close to Xi, where d is the metric on X. Radius functions always exist. 

For /3 = (/3i,..., /3„) £ R", dehne a function on X' by p^{y) = p{y)^' on 
Si for i = 1,... ,n and p^(y) = 1 on il. Then p^ is well-defined and smooth 
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on X', and equals p^' near Xi in X'. If / 3,7 G R", write ^ > 7 if /3i > 7 ^ for 
i = 1,..., n. If ^ G R" and a G R, write /3 + a = (/3i + a,..., /3„ + a) in R”. 

Now we define some Banach spaces of functions on X', HU Def. 2.7], 

Definition 4.2 Let (M, J, w, 11) be an almost Calabi-Yau m-fold with metric 
g, and X a compact SL m-fold in M with conical singularities at xi,..., Xn, 
and use the notation of Definitions ITtI and EU Let p be a radius function on 
X'. Regard X' as a Riemannian manifold, with metric g restricted from M. 

For ^ G R" and k ^ 0 define Cp{X') to be the space of continuous functions 
/ on X' with k continuous derivatives, such that is bounded on X' 

for j = 0,... ,k. Define the norm || . \\c^ on Cp{X') by 

k 

i=o 

Then Cp{X') is a Banach space. Define C^{X') = C'^(Y'). 

For p ^ 1, /3 G R" and fc ^ 0 define the weighted Sobolev spaee to 

be the set of functions / on X' that are locally integrable and k times weakly 
differentiable, and for which the norm 

/ k \ 

11/11^?,^= (17) 

is finite. Then p{X') is a Banach space, and L\ p{X') a Hilbert space. 

We call these weighted Banaeh spaces since the norms are locally weighted by 
a power of p. Roughly speaking, if / lies in ^{X') or Cp{X') then / grows at 
most like p^' near Xi as p —> 0, and so the multi-index /3 = (/3i, ..., Pn) should 
be interpreted as an order of growth. 

Here is a weighted version of the Sobolev Embedding Theorem^ [12 Th. 2.9]. 

Theorem 4.3 In the situation above, suppose k > I p 0 are integers and p > 1 
with i < and /3,7 G R” with f3 p j. Then L^^(X') Ci^{X') is a 

continuous inclusion. 

Here is a Fredholm result for the operator P : f ^ d*('0'"d/) on weighted 
Sobolev spaces, ^1 Th. 5.3]. Putting a = df in Ql, we see that P appears in 
the linearization of the deformation problem for SL m-folds. 

Theorem 4.4 Let be an almost Calabi-Yau m-fold, and define 

if ■. M ^ (0, 00 ) as in 0. Suppose X is a compact SL m-fold in M with 
conical singularities at Xi,... ,Xn with cones Ci. Define and L^ p(^') 

as in Definitions \3.S\ and 14.^ Fix p > 1 and k 2, and for /3 G R" define 
Pp : Llp{X') ^ Ll_^^^_fiX') by Pp{f) = d*(V^-d/). Then 
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(a) Pp is Fredholm if and only z/ /3 G (R \ X’sj) x • • • x (R \ , and then 

n 

ind(P^) = -^iV,,(A). (18) 

i=l 

(b) If Pi > 0 for all i then Pp is injective. 

4.2 Homology, cohomology and Hodge theory 

Next we discuss homology and cohomology of SL m-folds with conical singular¬ 
ities, following [T^ §2.4], For a general reference, see for instance Bredon [2]. 
When y is a manifold, write R) for the de Rham cohomology group 

and iJ,?g(y, R) for the compactly-supported de Rham cohomology group of y. 
If y is compact then iJ^(y,R) = _ff^g(y,M). 

Let y be a topological space, and Z cY a subspace. Write Hk{Y,R) for the 
real singular homology group of Y, and Hk{Y ; Z, R) for the fc**' real singular 
relative homology group of {Y;Z). When y is a manifold and Z a submanifold 
we define Hk(Y,R) and Hk{Y-, Z,R) using smooth simplices, as in [3 §V.5]. 
Then the pairing between (singular) homology and (de Rham) cohomology is 
defined at the chain level by integrating fc-forms over fc-simplices. 

Suppose X is a compact SL m-fold in M with conical singularities xi,..., 
and cones Ci,..., C„, and set X' = X \ {xi,..., x„} and = Q fl ^^m-i g^g 
above. Then by m §2-4] there is a natural long exact sequence 

n 

-> H^PX', R) ^ R) ^ 0 H'^iYi, R) ^ H^^+\X', R) ^ , (19) 

and natural isomorphisms 

Hk{X;{xi,...,x^},R)*^H^pX',R)^H^_kiX\R)^H^-'^iX',Ry (20) 

and H^PX\R)^ HkiX,R)* for all fc> 1. (21) 

The inclusion l : X ^ M induces homomorphisms t* : Hk (W, R) ^ Hk {M, R) 
and i* : H’^{M,R) iJ'=(X',R). 

If (y, g) is a compact Riemannian manifold, then Hodge theory shows that 
each class in iJ^(y, R) is represented by a unique fc-form a with da = d*a = 0. 
Here is an analogue of this on X' when fc = 1, part of [la Th. 5.4]. 

Theorem 4.5 Let be an almost Calabi-Yau m-fold, and define 

p : M ^ {0, oo) as in Suppose X is a compact SL m-fold in M with conical 

singularities at Xi,..., x„. Set X' = X \ {xi,..., x„}, and let p be a radius 
function on X', in the sense of Definition \4. 1\ Define 

Y,,, = {a GC°°iT*X') :da = 0, d*{p"^a) = 0, 

IV'^aj = 0{p-^-'‘) for kfiO}. 

Then the map tt : Yx> H^(X',R) taking tt : a i—> [a] is an isomorphism. 
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4.3 Lagrangian Neighbourhood Theorems 

In |12l §4] we extend the Lagrangian Neighbourhood Theorem, Theorem 12.71 to 
situations involving conical singularities, first to SL cones, O Th. 4.3]. 

Theorem 4.6 Let C be an SL cone in C™ with isolated singularity at 0, and 
set S = C n Define t : S x (0, oo) —> C"* by t{a,r) = ra, with image 

CyfO}. Fora G S, r S T*T,, r G (0, oo) and m G K., let {a,r,T,u) represent the 
point T + udr in {0,oo)). Identify S x (0, oo) with the zero section 

r = u = 0 in T* (S X (0, oo)). Define an action of {0,oo) on T*(l] x (0, oo)) by 

t : (a,r,T,u) I—> {a,tr,t^T,tu) /ortG(0, oo), (23) 

so that t*{u))=f^Cj, for Cj the canonical symplectic structure on T*(Ex(0, oo)). 

Then there exists an open neighbourhood Uc of T,x (0, oo) in T* (E x (0, oo)) 
invariant under (PI given by 

Uc = {(o’; r, T, u) G T*(T, X (0, oo)) : | (r, n) | < 2Cr} for some C > 0, (24) 

where j. j is calculated using the cone metric U{g') on T, x (0,oo), and an em¬ 
bedding : t/c ^ C™ with $c|ex(o.oo) = '-j ^ ^c = t^c for 

all t > 0, where t acts on Uc os in (PI) and on C*” by multiplication. 

In Pl Th. 4.4] we construct a particular choice of (fi in Definition 13.71 

Theorem 4.7 Let {M, J,uj,n), 'ip,X,n,Xi,Vi,Ci,'Ei, jat, R,Ti and ii be as in 
Definition \y.'I\ Theorem El gives C > 0, neighbourhoods Ua of x (0, oo) in 
T* (T,i X (0, oo)) and embeddings : Uc^ C'” for i = 1,... ,n. 

Then for sufficiently small R' G (0,i?] there exist unique closed 1-forms 
rji on Ei x (0, i?') for i = written rii{a,r) = r]}{a,r) -\-pf (a, r)dr for 

ril(a,r) G TfYli and r]f{a,r) G M, and satisfying |? 7 i(cr, r)| < fr and 

I I = 0(r^- -1-'') as r ^0 for k = 0,1, (25) 

computing V, |. | using the cone metric i-*{g'), such that the following holds. 

Define fii : Ei x (0, R') ^ Br by fii {a, r) = (cr, r, pi {a, r), pf (cr, r)). Then 
Ti o (fi : Yii X (0, R') M is a diffeomorphism Ei x (0, R') —> Si for open sets 
Si,... ,Sn in X' with Si,... ,Sn disjoint, and K = X' \ (Si U • ■ • U Sn) is 
compact. Also satisfies PI, so that R', (fi. Si, K satisfy Definition \3.']\ 

Next we extend Theorem o to SL m-folds with conical singularities na 
Th. 4.6], in a way compatible with Theorems 14.61 and IT7I 

Theorem 4.8 Suppose (M, J,uj,Ll) is an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities at xi,... ,Xn. Let the nota¬ 
tion fi,Vi,Ci,Yi, /li, R,Ti and ii be as in Definition \3. 7| and let Uc, j‘f’c,: 
Pi,pl,pf,4>i,Si and K be as in Theorem E3 
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Then making R' smaller if necessary, there exists an open tubular neighbour¬ 
hood Ux' C T*X' of the zero section X' in T*X', such that under d(Tj o : 
T *(Ei X (0,R')) T*X' for i = 1,... ,n we have 

(d(Tj o = {{a,r,T,u) G T*(Ei x (0,i?')) : |(r,u)| < fr}, (26) 

and there exists an embedding ^x' ■ Ux' —> M with ^x'\x' = id : X' —> X' and 
= Cj, where uj is the canonical symplectic structure on T*X', such that 

<Px' o d{TiO(j)i){a,r,T,u) = Ti o f]}{a,r),ur]f{a,r)) (27) 

for all i = and {a,r,T,u) G T*(Ei x (0, i?')) with |(t, m)| < fr. Here 

|(t, m)| is computed using the cone metric i*(g') on x ( 0 , i?'). 

Here is an extension of Theorem l4.8l to families of almost Calabi-Yau m-folds 
(M, J^, w®, H®) for s G T, deduced from [f^ Th. 4.8 & Th. 4.9]. 

Theorem 4.9 Let be an almost Calabi-Yau m-fold and X a com¬ 

pact SL m-fold in M with conical singularities at Xi,..., Xn, with identifications 
Vi and cones Ci. Let the notation i?, <(, , i?', 77 ^, 77 ^^, ryf, iG be as in 

Theorem 113 and let Ux',^x' be as in Theorem \4-tl\ 

Suppose {(M, J®, w®, H®) : s G is a smooth family of deformations of 
(M, J, oj, ft), in the sense of Definition \2. 1 1\ such that 6 * ( 7 ) ■ [w®] = 0 for all 7 G 
H 2 {X,M.) and s G T, where l : X ^ M is the inclusion and t* : H 2 {X,M.) 
H 2 {M, K.) the induced homomorphism. Define t/;® : M —> (0, 00 ) for s G T as in 
but using w®, H®. 

Then making R, R' and Ux' smaller if necessary, for some connected open 
J-' G T with Q G T' and all s G T' there exist 

(a) isomorphisms vf : C™ —> T^^M for i = with vf = Vi, (r;®)*(aj®) = 

uj' and {Vi)*{n) = if^{xi)'^Vt', 

(b) embeddings T® : Br M for i = with T° = T®(0) = Xi, 

dTt\o=vt, {TiY{Lo^)=io', and 

(c) an embedding : Ux' M with , = <i)x' and (<l>x/)*(w®) = cD, 
all depending smoothly on s G J-' with 

od(Ti o<()i)(cr,r,T,M) = T® o <^c,{cr,r,T + T]}{a,r),u + r]f{a,r)) (28) 

for all s G T', i = 1,... ,n and (a, r, r, u) G T* (E^ x (0, R')) with | (r, u) | < fr. 


The condition that (.*( 7 ) • [a;®] = 0 for all 7 G H 2 {X,M.) essentially says that 
7*([u;®]) = 0 in H‘^{X,M.). However, we have not put it like this as we have 
not defined de Rham cohomology on the singular manifold X. We could make 
sense of this by, for instance, interpreting [w®] as a Cech cohomology class on 
M using the equivalence of de Rham and Cech cohomology, and pulling back 
to the Cech cohomology of X. 
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4.4 Regularity of X near Xi 

In ^1 §5] we study the asymptotic behaviour of the maps (pi of Theorem 14.71 
using the elliptic regularity of the special Lagrangian condition. Combining 1121 
Th. 5.1], |12[ Lem. 4.5] and ca Th. 5.5] proves: 

Theorem 4.10 In the situation of Theorem we have rji = dAi for i = 
l,...,n, where 4^ : x (0, i?') ^ K. is given by Ai{a,r) = rif{a, s)ds. 

Suppose fx'i G (2, 3) with (2,/i'] D = 0 for i = 1,... ,n. Then 

|vS,|=OK^-i-'=) and 

|V^4i| = 0{r^'~^) as r —> 0 for all k0 and i = 1,... ,n. 

Hence X has conical singularities at Xi with cone Ci and rate /r', for all 
possible rates allowed by Definition Therefore, the definition of conical 
singularities is essentially independent of the choice of rate pLi. 

Theorem oni in effect strengthens the definition of SL m-folds with conical 
singularities, Definition rrn as it shows that 11511 actually implies the much 
stronger condition uni on all derivatives. In na Th. 6 . 8 ] we use Geometric 
Measure Theory to prove a weakening of Definition 13.71 for rigid cones C. 

Theorem 4.11 Let {M,J,u},Ll) be an almost Calabi-Yau m-fold and define 
-ip : M —y {0, oo) as in Let x G M and fix an isomorphism v : C™ —> TxM 

with v*{uj) = uj' and = f}{xy^Ll', where uj',Ll' are as in (till . 

Suppose that T is a special Lagrangian integral current in M with x G T°, 
and that v^{C) is a multiplicity 1 tangent cone to T at x, where C is a rigid 
special Lagrangian cone in C™ in the sense of Definition I.V. 61 Then T has a 
conical singularity at x, in the sense of Definition \S. 7| 

Here integral currents, tangent cones and multiplicity are technical terms 
from Geometric Measure Theory which are explained in na § 6 ]. In fact na 
Th. 6 . 8 ] applies to the larger class of Jacobi integrable SL cones C, for which all 
special Lagrangian Jacobi fields are integrable. 

Basically, Theorem id.lll shows that if a singular SL m-fold T in M is locally 
modelled on a rigid SL cone C in only a very weak sense, then it necessarily 
satisfies Definition o One moral of Theorems and is that, at least 

for rigid SL cones C, more-or-less any sensible definition of SL m-folds with 
conical singularities is equivalent to Definition 13.71 

5 Moduli of SL m-folds with conical singularities 

The rest of the paper studies moduli spaces AIx of compact SL m-folds X with 
conical singularities in an almost Calabi-Yau manifold M. This section sets up 
the notation needed to do this, and defines the moduli space as a topological 
space, paying particular attention to the role of asymptotic conditions at the 
singular points in defining the topology on A4x- We continue to suppose m > 2. 
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5.1 Notation to vary the Xi^Vi 

We are interested in deformations of X in M that are allowed to move the 
singular points Xi,...,Xn and the identifications Vi : C"* —> T^iM. We begin 
by setting up some notation to allow us to do this. 

Definition 5.1 Let (M, J, w, fl) be an almost Calabi-Yau m-fold and X a com¬ 
pact SL TO-fold in M with conical singularities at xi,..., with identifications 
Vi : C™ —> Tx.AI and cones Ci,..., (7„, and use the notation of a Define 


P = [{x,v) : X € M, V : C"* ^ T^M is a real isomorphism, 
v*{u) = Lu', v*{n) = 'ip{xrn'}, 


(30) 


where uj', D' are as in dU- Then {xi, Vi) € P for i = 1,... ,n, and P is the family 
of all possible alternative choices of Xi,Vi, by Definition 13.71 

Regard each matrix B G SU(m) as a map C™ —> C™. Then if (x, v) G P and 
B G SU(to) then {x,vo B) G P as uj\ fl' are SU(m)-invariant. Define a smooth, 
free action of SU(to) on P by R : {x,v) i—> {x,v o B~^). If (x,v), (x,v) G P 
then B = v~^ ov G SU(to) and B{x,v) = {x,v). Hence the SU(TO)-orbits in 
P correspond to points x G M, and P is a principal SU(TO)-bundle over M. 
Thus dimP = m? + 2m — 1. 

Let Gi be the Lie subgroup of SU(to) preserving the cone Ci in C™ for 
i = 1 , ... ,n. Then Gi acts on P. If {x,v) and {x,v) lie in the same G^-orbit 
then they define equivalent alternative choices for (xi, Vi), since v{Ci) and v(Ci) 
are the same SL cone in TxM. Therefore if we use P to parametrize alternative 
choices for {xi^Vi) we will have redundant parameters when dimGi > 0 , since 
each cone v{Ci) in TxM is represented not by a point in P but by a submanifold 
isomorphic to Gi. 

To avoid this, let Ei be a small open ball of dimension dimP — dimG^ in 
P containing {xi, Vi) and transverse to the orbits of Gi for i = 1,... ,n. Then 
Gi ■ Ei \s du small open neighbourhood of the G^-orbit of {xi,Vi) in P. Define 
E = El x ■■■ X En and e = {xi,vi,... ,a;„,u„) G E. Write a general element 
of £ as e = (ii, vi,..., a;„, Vn). Then £ is a family of alternative choices Xi, Vi 
of the Xi,Vi, which represent all nearby alternative choices exactly once up to 
equivalence, and 


dimfi = -I- 2m — 1 — dim Gi 

and dimf = n(m^ -I- 2m — 1) — X)r=i dimGi. 


(31) 


The metric g on M induces a Riemannian metric on P which restricts to Ei. 
Let df: be the metric induced on E = Ei x ■■■ x En hy the product Riemannian 
metric, so that {E,d£) is a metric space. 

The following result, modelled loosely on Theorem 14.91 extends Y to a family 
of Lagrangian m-folds X with conical singularities at Xi and identifications Vi 
for e = (xi,vi,... ,Xn,Vn) in an open neighbourhood E of e in f, and also 
defines Lagrangian neighbourhoods for X. 
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Theorem 5.2 Suppose {M, J,uj,Q?) is an almost Calabi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at xi,..., Xn- Use the 
notation of Theorem \n let Ux',^x' be as in Theorem 123 and e, £ as in 
Definition \5.1\ Then for some connected open £ C £ with e € £ and all 
e = {xi,vi,... ,Xn,Vn) w £ there exist 

(a) embeddings T® : Bn M for i = 1,..., n with 

T<i = T„ Tf{0) = x, and dTf |o = z)„ (32) 

(b) an embedding : Ux' M with $1-/ = and /)*(aj) = cD, such 
that $|./ = on tt*(K) C Ux', 

all depending smoothly on e G £, with 

, o d(Ti o (j)i){a, r, T, m) = T® o (ct, r, t + T]}{a, r), u + (ct, r)) (33) 

for all e G £, i = 1,... ,n and (a, r, t, u) G T*{Y,i x (0, R'f) with | (t,'u)| < (r. 

Proof. We shall define T® and by modifying Tj, near Xi G M using a 
symplectomorphism of Bn C C’". Let R" G (0, ^R) satisfy conditions we will 
specify at the end of the proof, and let Bn", B 2 n" C Bn be the open balls of 
radius R" ,2R" about 0 in C™. Choose a connected open neighbourhood £ of 
e in £ such that for all e = {xi,vi,... ,x„,{)„) in £ we have Xi G Ti{Bn") for 
i = 1,..., n. Clearly this is possible. 

Next, choose diffeomorphisms 5| : Bn Bn for i and e G £ 

depending smoothly on e, such that 

(i) S® is the identity on Bn for i = 1,... ,n, 

(ii) (S®)*(u;') = io' ioT e G £ and i = 1,..., n, 

(hi) Ti o 2®(0) = Xi and d(Ti o 5®)|o = Vi for e = {xi,vi ,... ,x„,{)„) G £ and 
i = 1 ,..., n, and 

(iv) Sf is the identity outside C Bn for e G £ and i = 1,... ,n. 

Making £ smaller if necessary, one can do this explicitly using standard but 
messy symplectic geometry techniques, and we leave it as an exercise. 

Now define an embedding T® = oS® : Bn —> M for i = 1,..., n and e G £. 
Then T® depends smoothly on e as 5® does, and follows immediately from 
T*(w) = co' and parts (i)-(iii) above. Regard I® as a definition of on 
7 r*(S'i) C Ux< for i = l,...,n, and define on Tr*{K) C Ux'. Then 

<1>® / : Ux' M \s well-defined, and satisfies CT . 

To see that is smooth, we need to show that its definitions on n*{Si) 
and tt*{K) join together smoothly on TT*{dK). This follows from part (iv) above 
provided (7r*(9Rr)) does not intersect Ti{B 2 n"), since then when r is close 
to R' in we have T® = T^, and thus d)^/ = <i)x' near the boundary of n*{Si) 
where it joins onto tt*{K). 
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Hence, choosing R" £ (0, ^i?) such that ^x'{'n'* {dK)) does not intersect 
Ti(i? 2 _R") for i = 1 ,..., n ensures that is smooth for all e € £, and making 
E smaller if necessary we can assume it is an embedding. As (w) = Co we see 
that ($J/)*(a;) = Co on ■n*{K), and (<i>|./)*(a;) = a> on TT*{Si) follows from 
since (Tf)*(w) = lo'. Finally, = <i>x' as Tf = for i = 1,..., n. □ 

In the situation of the theorem, fix e £ f and define X' = /(X'), where 

X' C Ux' C T*X' is the zero section, and set X = X' \J As 

/)*(w) = d> it follows that X' is a Lagrangian submanifold of M, and thus 
X is a compact Lagrangian m-fold in M with conical singularities at xi,... ,a;ri, 
identifications vi,... ,v„ and cones Ci,..., Cn, generalizing Definition ITtI in 
the obvious way. 

Thus we have extended X to a smooth family of Lagrangian m-folds X with 
conical singularities, which realize all nearby alternative choices of Xi, Vi exactly 
once up to equivalence. When e is close to e, X will be approximately special 
Lagrangian, and so we can try to deform it to an exactly special Lagrangian 
TO-fold with the same Xi,Vi. 

5.2 Small deformations of X and moduli spaces 

Suppose that {M, J,Lo,Et) is an almost Calabi-Yau m-fold and that X, X are 
compact SL m-folds in M which both have n conical singular points xi,..., a;„ 
and xi,..., x„ respectively, with the same cones Ci,..., C„ and rates /ii,..., 
When X, X are ‘sufficiently close’ in a sense we shall write X in terms of 
a small closed 1-form a on X' with prescribed decay, using the Lagrangian 
neighbourhood of Theorem 15.21 Thus we shall define a topology on the set 
of compact SL m-folds in M with conical singularities. 

Theorem 5.3 Suppose {M, J,u},El) is an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities at Xi,...,x„, with iden¬ 
tifications Vi, cones Ci and rates pLi. Let e,E be as in Definition EH and 
Ux',^x',E,Tf and be as in Theorem, \5.‘A 

Let e = (xi, ill,..., x„, in) G E, and suppose X is a compact SL m-fold in 
M with conical singularities at xi,... ,x„, with identifications ii, cones Ci and 
rates /i^. Then if e, e are sufficiently close in E and X', X' are sufficiently close 
as submanifolds in a C^ sense away from xi,..., x„, there exists a closed 1-form 
a on X' such that the graph r(a) lies in Ux' C T*X', and X' = <i>^, (r(a)). 
Furthermore we may write a = P-\-df, where f3 is a closed 1-form supported in 
K and f e Cff{X'). 


Proof. Apply Theorem 14.71 to X and X, using T® = Tj for X and Tf for X, 
and the same R, f, Uc^ and for both. Theorem 14. 7l then gives R', R' £ (0, i?] 
and closed 1-forms r]i on x (0, R') and fji on x (0, R') for i = 1,..., n such 
that X',X' are parametrized on Si, Si using maps (fi : Yi x (0, i?') ^ Bji and 
(fi : Yi X (0, R') Bn defined using rji, fji in the usual way. 
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Theorem 14 .1 01 defines real functions Ai on x (0, R') and Ai on x (0, R') 

with rji = dAi and fji = dAi , and proves results on the decay of 4>i,rii, Ai and 
4>i,fii, Ai and their derivatives. Using l|23) and Hi > 2 we see that 77^,77^ = o(r) for 
small r. Therefore we may choose i?" £ (O, min(i?', R')^ such that [77^ — 77^] < 
on Ei X (0, R”) for alH = 1,..., tt. 

Let S'i = Tio4>i(Ei X (0, i?")) and 5' = Tfo^i(Ei x (0, i?")) for i = 1,..., tt, 
so that S'i C Si C X' and 5' C Si C X'. Define a 1-form a on S'i by a = 
(Ti o(/)j)*(77j - rji) for z = 1,... ,71. Now as ^i{a,r) = ^Ci{cr,r,ri}{a,r),ri'^{a,r)) 
by Theorem 14.71 we see from (TIHll that if (a, r) £ E^ x (0, R") and (r, u) = 
(vl then 

od(Ti o (j)i){a,r,T,u) = T® o ^i{a,r) £ C X'. 

Thus the subsets in X' coincide with 4)^, (r(a)) on the subsets S'- in X' 
where a is defined so far. To show that X' = for some 1-form a 

defined on the whole of X', we need that 

(a) X' should lie in and 

(b) X' should intersect the image under / of each fibre of tt : Ux' X' 
transversely exactly once. 

We have already shown that (a) and (b) hold on the subsets S'. 

Under the assumptions of the theorem e, e are close in £ and and , = 
<l>x' are close on the complement of the S'. Also X', X' are close as submanifolds 
in a sense away from xi,..., and thus on the complement of the subsets 
S'i in X' and S' in X' for i = 1,..., ti. Therefore X' satisfies (a) and (b) on the 
complement of the S', and a exists. Since X' is Lagrangian and = a), 

the usual argument shows that a is closed. 

Define a smooth real function / on S' by / = (T^ o (j)i)^:{Ai — Ai) for i = 
1,... ,71. Then a = d/ on S', as rji = dAi and -rji = dAi. As a is closed and 
S'i C Si are homotopy equivalent we can extend / uniquely to Si with a = df. 
Then extend / smoothly over K. This defines a smooth function / on X' with 
a = df on Si for i = 1,..., 71. Let (3 = a — df. Then a = (3 + df and j3 is 
a closed 1-form supported in AT = X' \ (Si U ■ • ■ U S„), as we have to prove. 
Finally, for Ai, Ai with 71' = Hi gives / £ Cff{X'). □ 

We define the moduli space M.x of SL 771-folds X with conical singularities 
in M, which are isotopic to X in M and have the same cones Ci,... ,Cn. 

Definition 5.4 Let {M, be an almost Calabi-Yau zn-fold and X a 

compact SL m-fold in M with conical singularities at xi,... ,Xn with identih- 
cations vt : C™ ^ TxiM and cones Ci,..., C„. Define the moduli space Mx of 
deformations of X to be the set of X such that 

(i) X is a compact SL m-fold in M with conical singularities at xi,... ,x„ 
with cones Ci,..., C„, for some Xi and identifications Vi : C™ ^ T^^M. 
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(ii) There exists a homeomorphism t: X ^ X with t{xi) = Xi for i = . ,n 

such that i\x' '■ X' —> X' is a diffeomorphism and t and t are isotopic as 
continuous maps X —> M, where l : X ^ M is the inclusion. 

Note that by Theorem Id.lOl the definition of X is independent of choice of rates 
Hi, so there is no need to include the Hi in (i)- 

Let Vx be the subset of X G Mx such that for some e = {xi,vi, ..., Xn, Vn) 
in £ and some 1-form a on X' whose graph r(a) lies in Ux' C T*X' we have 
X' = $^/(r(a)), as in Theorem 15.111 Note that ii X G Mx then Mx = Mx- 
Thus, for each X G Mx we have X G C Mx- 

The construction of Vx above gives a 1-1 correspondence between Vx Mx 
and a set of pairs (e, a) for e G £ and a a smooth 1-form on X' with prescribed 
decay. Using the given topology on £ and a suitable choice of topology on the 
1 -forms a, this 1-1 correspondence induces a topology on Vx- 

To define the a topology, choose some fi ns in Definition o and let the 
C'^_i topology on a be induced by the norm 


ll«ll 


k 

^ ^ sup a 

1=0 


and the C'^_i topology on a be induced by the C^_i topologies for all fc > 0 . 

Proposition 5.5 The C^_i and topologies on a induce the same topology 

on Vx, which is also independent of the choice of rates fi- 


Proof. This is implicit in the proofs of Theorems 14.101 and 15.51 In particular, 
Theorem 14.101 in effect shows that an a priori estimate for the C'^_i norm of a 
implies a priori estimates for the C'^_i norms for all fc ^ 1 , and so the C^_i 
and topologies on a induce the same topology on Vx- It also proves 

independence of the choice of /r. □ 

We can now define a topology on A4x - 

Definition 5.6 For each X G Mx, use the 1-1 correspondence between Vx 
and pairs (e,a) to define a topology on Vx as in Proposition 15.51 We get the 
same topology using the C^_i or Cff_i topologies on a for any choice of /x, so 
there is no ambiguity. One can show that overlaps Vx^ H Vxa are open in Vx^ 
and the Vx^- topologies agree on the overlaps. Piecing the topologies together 
therefore defines a unique topology on A4x - 

Remarks. Basically, A4x is the family of compact SL m-folds X in M with 
conical singularities which are deformation equivalent to X in a loose sense. 
Note that Mx may not be connected, as the isotopies in part (ii) of Definition 
Ell need not be through special Lagrangian embeddings. 

In Theorem 15.51 we assumed only that e, e are close in £ and that X', X' are 
‘sufficiently close as submanifolds in a sense away from Xi,... ,Xn . These 
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closeness assumptions are actually very weak, in that we have imposed no asymp¬ 
totic conditions on how X', X' converge to Xi and Xi, but instead required only 
closeness on large compact subsets of X' ,X'. 

Because of this, we can be confident that the topology defined on M.x above 
is a sensible choice. In particular, Theorem l^.dl effectivelv shows that if X, X are 
close in a very weak sense, then they are close in the M.x topology. Theorem 
below gives another way of seeing the naturality of the topology on A^x- 
Definitions E31 and Ei don’t actually need X to be special Lagrangian in 
(M, except to ensure that X £ Mx- We are simply using X to fix the 

topological type, isotopy class and singular cones Ci of X G Mx- In particular, 
given a family {(M, J®, w®, fl®) : s £ iF} of almost Calabi-Yau structures on 
M with X special Lagrangian in (M, D°), we can define a moduli space 

Mx oI special Lagrangian deformations of X in (M, J®, w®, O®), for each s G tF. 

6 Deformations, obstructions, and smoothness 

We can now prove the first main result of the paper, Theorem lb.lOl below. which 
is an analogue of McLean’s Theorem, Theorem ESI for compact SL m-folds 
X with conical singularities xi,...,Xn in a single almost Calabi-Yau m-fold 
{M, J,uj,kl). An important difference with the nonsingular case is that there 
may be obstructions to deforming X, which means that the moduli space Mx 
may be singular. 

Instead, Mx is locally homeomorphic by a map S to the zeroes of a smooth 
map $ : Ix, —> Ox' between finite-dimensional vector spaces , the infinites¬ 
imal deformation space, and Ox >, the obstruction space. Here Xx> is isomorphic 
to the image of Hf^{X',R) in H^{X',R), and Ox' is a direct sum of subspaces 
depending on the SL cones Ci,...,of AT a,t xi,... ,Xn. 

We set up the problem in jO and define Ox' in O The main theorem 
is proved in a with some corollaries on cases when Adx is smooth. Section 
16.41 discusses the naturality (independence of choices) of Xx',Ox',^ and S, and 
dO another way to define Xx' and Ox'- 

6.1 Setting up the deformation problem 

We shall parametrize the moduli space Mx locally in terms of the zeroes of a 
map F between Banach spaces. 

Definition 6.1 Let (M, J, uj, H) be an almost Calabi-Yau m-fold and X a com¬ 
pact SL m-fold in M with conical singularities xi,... ,Xn with identifications 
Vi : C™ —> TxiM and cones Ci,..., Cn. Let Ux',^x' be as in Theorem 14.81 and 
e, X as in Definition 15.11 and £, T® and <i>^, as in Theorem 15.21 

Choose a vector space TLx' of closed 1-forms on X' supported in K, such 
that the map Hx' H^^{X',R) given by /3 i—> [/3] is an isomorphism. Since X' 
retracts onto K, this is clearly possible. Now the subspace of XLx' corresponding 
to the kernel of the map ^ iL^(X',K) in 11911 consists of exact 1- 

forms on X', so each such 1-form may be written dn for some v G C°^{X'). 
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Let the connected components of S'i = x (0, R') be Si for j = 1 , ..., 

As dt! = 0 on Si we see that v = aj on Sf for some constants aj. Since v is defined 
up to addition of a constant, we specify v uniquely by requiring that ^ aj = 0. 

Define ICx' to be the vector space of all such functions v. Then dICx' = {di; : 
V S ICx'} is a subspace of Hx', and d : ICx' Hx' is injective. Also ICx' is 
isomorphic to the kernel of iL^g(X',]R) ^ in 11911 . Thus by 1 1911 we 

have an exact sequence 

n 

0^H°{X',R)-^^H°{E,,R)^ICx'^0, 

SO as X' is connected we see that 

n 

dim/Cx'(34) 

i=l 

Let the infinitesimal deformation space Ix' be a vector subspace of Ttx' with 

Hx' =Ix'(BdXx'. (35) 

As dXx' corresponds to the kernel of iL^g(X',K) ^ H^{X',R) in (im and 
lx' — Hx' IdXx', we see that the map lx' H^{X', K) given by /3 i—> [/3] is an 
isomorphism between lx' and the image of iLcg(X',R) in H^{X',R). 

Let k > 2, p > m, and be as in Definition 111.71 Then is continu¬ 

ously included in C‘^{X') by Theorem ^31 Define 

Hx' = {(/3,/) G Hx' X Ll^^{X') : the graph of /3 -f d/ lies in Ux'}- (36) 

Then Vx' is an open subset of Hx' x ^(A"') containing (0,0). Here we use 
the fact that / is to make sense of the graph oi (3 + df. 

Define a map F : £ x Vx' C^{X') by 

^.(($l,)*(ImD)|r(;3+d/)) =F(e,/3,/)dH„ (37) 

where r(/3-|-d/) is the graph of fl+df in Ux ', and tt : T{P+df) X' the natural 
projection, and dVg the volume form of the metric g on X'. Since / is we see 
that T{P + df) is a C^-submanifold of Ux', and so ($x')*(I'aiD)|r(/ 3 +d/) makes 
sense and its image under tt is continuous. Hence F{e,P, f) lies in C^{X'), the 
vector space of continuous functions on X'. 

The point of the definition is given in the following proposition. 

Proposition 6.2 In the situation of Definition \6. il suppose {e,(3,f) S £ xVx' 
with F(e,l3,f) = 0. Set X' = <i)^,(r(/3-|-d/)) and X = X' \J {xi,... ,Xn}, 
where e = {xi,... ,{)„). Then f € Cff{X') and X is a compact SL m-fold in 
M with conical singularities at Xi with identifications Vi, cones Ci and rates fii. 

Thus X lies inVx CC Xix m Definition \5.4\ Conversely, each X inVx comes 
from a unique (e,/3,/) G £ x Vx' with F{e,f3,f) = 0. Write 'L(e,/3,/) = X. 
Then : F“^(0) -^Vx is a homeomorphism, with \k(e,0,0) = X. 
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Proof. Suppose F{e,P, f) = 0. Then / G C'^(X') from above, so / is locally 
and X' is a submanifold of M. As ($|./)*(w) = a) and /3 + d/ is a closed 
1 -form, we see that = 0 by the usual argument. Also implies that 
Imflljf, = 0. Therefore, if we can prove that X' is a C°° submanifold of M 
then X' is special Lagrangian, by Definition 12.51 

With e,/3 fixed F{e,l3,f) depends pointwise on d/, V^/ by (TITIl . so 

Fie,(3J)[x]=F'{x,df{x),X^f{x)) =0, (38) 

where F' is a smooth, nonlinear function of its arguments defined on some 
domain. Now (EHl) is a second-order nonlinear p.d.e., and using the ideas of 
one can show that it is elliptic. Aubin ^ Th. 3.56] gives an elliptic regularity 
result for such equations which shows that if / is locally then / is locally 
C°°. Thus / is smooth, so X' is C°° and thus special Lagrangian. 

Recall that Ai is a function and rji = dA^ a 1-form on x (0, i?') for 
i = 1,..., n, defined in Theorems 14.71 and 14 .1 01 and that o : Sj x (0, R') 

Si C A' is a diffeomorphism. Define Ai and fji on x (0, R') by 

Ai = f oTiO (fiF Ai and pi = dAi = d{f oT i o cfi) F pi. (39) 
Let be the components of rji as in Theorem 14.71 and define 

(fi'.'EiX (0,R') ^ Br by Mcr,r) = (cr, r, 77 ^ (cr, r), ?),^(cr, r)). (40) 

Combining 123, (|23, (EOli and / G C'^(A') from above, we prove that 

|v'=((^i-t 0 | = 0 (r''*"^”'') and |V'= 7 )*| = 0 (r^^"^"'=) for fc = 0,1 
and Ai\ = for fc = 0 , 1, 2 , as r ^ 0 for z = 1 , ..., n. 

Using (TTHll and the facts that X' = (r(/3 -|- d/)) and /3 = 0 in Si, we find 

that Tf o (fi : Pii X (0, i?') ^ M maps into X', and defines a diffeomorphism 
Ei X (0, R') —> Si with an open subset Si of X'. Also the natural diffeomorphism 
X' X' identifies Si and Si, and thus K = X' \ (,§1 U • • ■ U Sn) is compact. 

Therefore all the conditions of Definition rm are satisfied, and so A is a 
compact SL m-fold in M with conical singularities at xi,... ,Xn, with identifi¬ 
cations Vi, cones Ci and rates /ii, as we have to prove. Applying Theorem l4.1()l 
to A and A then shows that |V'=A,| = 0(r'^‘-'=) and |V'=i,| = C)(r'^‘-'=) for all 
fc > 0. Thus ll^ gives |V^/| = on Si for all /c ^ 0 and i = 1,... ,n. 

Since / is smooth this implies that / G (7“(A'), as we have to prove. 

Definition l5.4l now shows that A G Vx. Conversely, if A G Vx then Definition 
15.41 gives A' = (r(a)) for some e G f and 1-form a on A' whose graph r(a) 

lies in Ux' • The proof of Theorem 15.31 then shows that a = (3 F df, where /3 is 
a closed 1-form supported in K and / G Cff‘[X'). 

Let (3 be the unique element of Hx' with [(3] = [(3\ in F[f,.{X', R), where Hx' 
is as in Definition 16.II Then /3 —/3 = dy, for 7 G (^“(A'). Set / = /-I- 7 . Then 
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/ € C'“(X') with a = (3 + df. Theorem 14. 101 shows that we can improve the 
rates /ii of the singularities Xi of X to some rates /r' > /ii for i = 1,..., n. It 
follows that / S C^{X'), and therefore f G as C^{X') C 

Therefore (/?,/) £ Vx' by (TTHll . 

As X' is special Lagrangian Imfl|^, = 0, and it follows from 13711 that 
F{e,l3,f) = 0. Thus each X in Vx comes from some {e,l3,f) G £ x Vx' with 
F{e, (3, /) = 0. Since there are no nontrivial Gi x • • • x Gn equivalences in £ by 
construction, X determines e uniquely, and X, e then determine a and so /3, / 
uniquely. Thus (e, 13, /) is unique. 

Thus writing 'I'(e,/3,/) = X defines a bijection : F“^(0) ^ Vx with 
'l'(e,0, 0) = X. We must show that 41 is a homeomorphism. The topology on 
Vx is defined using pairs (e, a), where e has the £ topology and a either the 
or the topology on 1-forms for any choice of /x, and takes (e,/3,/) i—> 

(e,/3 + d/). 

Now / has the ^ topology, so d/ has the L^_i topology. This is 
intermediate between the G^_;^ and topologies on a for /x' > /x^ as above, 

as C^_^(T*X') C Ll_^^^_^{T*X’) C Cl_^{T*X') by Theorem lO But the 
and C^,_^ topologies on a induce the same topology on Vx by Proposition 
15.51 Thus the L^_i topology on d/ also induces the same topology on Vx, 
and it follows quickly that 41 is a homeomorphism. □ 

Here is an analogue of Proposition 12. 101 for F. 


Proposition 6.3 In the situation above, for x G X' we may write 

F{e,(3,f)[x] = -d*{fj^(P+df))[x]+Q{e,x,{P+df){x),{Vf3+X^f)(x)), (42) 

where Q : {{e, x,y, z) : e G £, x G X', y G TfX' n Ux', z G ^ K. is 

smooth, and for p{x)~^\y\, \z\ and d^(e,e) small we have 

Q{e,x,y,z) = 0{p{x)~'^\y\^ + \z\^ + p{x)de{e,e)), (43) 

and more generally for p(x)~^\y\, \z\ and d£{e,e) small and a,b,c^ 0 we have 

(V,)“(a,)''(9.)=g(e,:r,x/,z) = O(p(cr)-“-““(2,6)|^|max(0.2-6) 

(44) 

+ p{x)-‘^\zr<^’^-^'>+pix)^-‘^-^de{e,e)), 

where Vx,dy,dz are the partial derivatives of Q in the x,y,z variables, using 
the Levi-Civita connection V of g to form V^- 


Proof. The value of F{e,P,f) at x G X' depends on e, via ($|./)*(ImH), and 
on the tangent space to r(/3 -|- d/) at x', where x' G r(a) with 7r(a;') = x. But 
F'x'r(/3 + df) depends on both {(3 + df)\x and (V/3-1-V^/)|a,. Therefore F(e,/3,/) 
depends pointwise on the arguments of Q in (O- 

As in the proof of Proposition inni we may take ll^ as a definition of Q, 
and Q is then well-defined on the given domain, which is the set of all e, x, y, z 
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realized by e, /3, / in the domain of F. As tt, i/), Im 17, dVg are smooth and is 
smooth and depends smoothly on e, we see that Q is a smooth function of its 
arguments. 

Since = <i)x' and is the identity on X' = r(0) C Ux' we see that 
^(6,0, 0)dV^ = Iml7|x' = 0 as AT' is special Lagrangian. Thus F(e,0,0) = 0, 
and so Q{e,x,0,0) = 0. Following the proof of Proposition 12.101 we can also 
show that dyQ{e, x, 0,0) = dzQ{e, x, 0,0) = 0. 

Therefore by Taylor expansion of Q{e, x, y, z) about e = e, y = z = 0 we see 
that for fixed x in X' and small \y\, \z\, de(e, e), we have 

Q{e,x,y,z) = 0{\y\^ + \z\^ + dsie, e)), (45) 

and more generally for fixed x, small \y\, \z\, de{e, e), and a, 5, c ^ 0 we have 
{V,r{dy)\dzrQ{e,x,y,z) = o(|yp-(o. 2 -fa) + |^p-(o. 2 -c) ^ ( 43 ) 

To prove 63 and (EH) we have to extend E3 and EH) to hold uniformly 
for X & X' hy inserting appropriate functions of x as multipliers. Careful con¬ 
sideration of the asymptotic behaviour of F and Q and their derivatives near Xi 
for i = 1 ,..., n shows that the powers of p given in E3 and (Ell suffice. These 
powers are independent of as the inequalities pi > 2 imply that the terms 
given dominate other error terms involving the pi. □ 

We can also refine the image of F in C^{X'). 

Proposition 6.4 In the situation above, F maps 

F-.£xVx'^{u& Ll_, ,^_fiX') : f^,udVy = O}, (47) 

and this is a smooth map of Banach manifolds. 


Proof. If (e, (3, f) G 8 x Vx' then (3 is smooth and compactly-supported and 
f G ^{X'), so —d*(V^™(/3 -I- d/)) G Lk -2 Hence we must show that 

the Q term in E3 also lies in L ^_2 For x G X', write 

y{x) = {P+df){x), z(x) = (V/3+V^f)(x) and v(x) = Q(e, x, y(x), z(x)). 

Then we must show that v G L ^_2 ^- 2 (^ 0 - 

F^^(X') C C^{X') by Theorem 14.31 we have \y\ = and \z\ = 

0{p^~^). Equation (Ell then gives 

V = Q{e,x,y{x),z{x)) = 0{p^>^~‘^) + 0{p^>^~'^) + 0{p{x)ds{e,e)). 

Now 2pi — 4 > Pi — 2 and 1 > /i^ — 2 as 2 < yui < 3, so u decays faster than 
pf^~^ near Xi, and it follows that v G Lq 
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For the derivatives of v, by the chain rule we have 


^ {y^Y{dyf{d^YQ{e,x,y{x),z{x)) 


a,6,c^0 




a+miH-hmfc+niH- ^ric—j 


2=1 


Using iBIill to estimate | (Va;)“(9y)*'(9z)^(5(e, X, y{x), z{x)) I and noting that y G 
Ll._i and z £ ^k -2 ^- 2 ^^')’ a,fter some calculations using Theorem 

lO and Holder’s inequality we can show that G To,/x-2-j("’^0 J = 

0,..., fc — 2, so that V G Tfe _2 ;x-2(^0- 

Therefore F maps £ x > -^fc- 2 /x-2("^0- Proposition E2 each 

(e, P,f) G f X Px' defines a compact Lagrangian m-fold X in M with 
conical singularities. Regard X,X as m-chains in homology. Then [X] = [X] G 
Hm{M,Z) a,s X,X are isotopic. So using (TTTIl we see that 



F(e,/3,/)dUg 



Im H = [X] • [Im H] 


[X] • [Imfl] 



Imil = 0 , 


as Im H is closed and X' is special Lagrangian. Thus F maps to the r.h.s. of (ETI) . 
as we have to prove. The smoothness of P as a map between Banach manifolds 
easily follows from the smoothness of Q and general limiting arguments. □ 


6.2 The obstruction space 

We shall determine the derivative dF|(e_o.o) of F at (e,0,0). 

Proposition 6.5 There exists a unique linear map x ■ TgS —> C^{X'), where 
0 = (0,... ,0) G M" and xiv) = id on K for all y G Te£, such that dP|(e,o,o) • 
tJ X TCx' X Ll y^iX') Ll- 2 ,y.- 2 i^') 5*^671 by 

dP|(e. 0 , 0 ) :(y,/?,/)-d*(V-™(d[x(y)]-/3-d/)). (48) 


Proof. As F is smooth by Proposition 16.41 dP|(e_o,o) is well-defined. Equation 
ll^ then shows that dP|(e,o,o) maps (0,/3,/) + d/)), since lll!?ll 

implies that the Q term in 621) can only have derivative 0 in (3, f at (0, 0). This 
gives the final two terms in lUSI) . 

Let y G and differentiate <i>^, w.r.t. e in the direction of j/ at e = e. 
This gives dyi^f,\e=e, which is a section of the vector bundle (<i)|.,)*(TM) over 
Ux'. Now d<i)|., induces an isomorphism of TUx' and (<i)|./)*(TM) as vector 
bundles over Ux'- Therefore v = (d<i)^/)*(9y$® ,|e=e) is a section of TUx', that 
is, a vector field on Ux', which depends linearly on y. 
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Differentiating (<i)x/)*(ImD) w.r.t. e in the direction of y, we find that 

dy{<^i,nimn)U=e = 

where Cv is the Lie derivative. But restricting to X' cUx' we have 

by (|23. Combining the last two equations gives 

dyF(e,0,0)dVg = (49) 

Define a 1-form a on Ux' hy a = v ■ Cj. Then from and the proof of 
Proposition 12. 101 we find that 

dyF{e,d,Q) = d*{i^'^a\x'). (50) 

Since ($®/)*(a;) = cD for all e G f, it follows that CyCj = 0, and hence a is a 
closed 1-form on Ux'- Also u = a = 0 on •n*{K) as on tt*{K) C Ux', 

by Theorem 15.21 

Thus a|x' is a closed 1-form on X' which is zero on K. Since X' retracts onto 
K there exists a unique smooth function xiv) • A' —> R with a\x' = d[x(y)] 
and x{y) = 0 on K. Clearly xiv) is linear in y, and 15011 gives 

dAl(,,o,o) ((y, 0, 0)) = dyF{e, 0, 0) = d* (V'’”d[x(y)]). 

This completes the proof of TO . 

It remains to show that x maps TeS —> C§°{X'). As satisfies (TTHll . 
one can show that v and a on TT*{Si) C Ux' are the pull-backs under 
of a smooth vector field v' and a smooth closed 1-form a' on where 

= ^v'^t\e=e and a' = v' ■ to. This implies estimates on the decay of a 
and its derivatives on 5^ for i = 1,..., n, which imply that x(y) S C'(f’(X'), as 
we want. □ 

To apply the Implicit Mapping Theorem to F in MM we will need to know 
how close dF|(e o,o) is to being injective and surjective. First we show that 
dFl(g_o,o) is injective on a large subspace of its domain. 

Proposition 6.6 The restriction of dFl(e_o,o) to x dXx' x ^{X') is 
injective, where dXx' ^TCx' as in Definition \6.1\ 


Proof Let (y, du, /) G x dXx' x Ll ^{X') with dFl(e_o.o) iv, f) = 0. Then 

d*(V'’"d[x(y) - V- f]) =0 

by iBHll . Multiplying this equation by xiv) — v — f and integrating over X' by 
parts, we find 


V'’”|d[x(y) 




■dFg = 0. 
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This holds even though X' is noncompact, because of the asymptotic behaviour 
of x(2/) — f and its derivatives near Xi, and may be proved rigorously using 

[T^ Lem. 2.13]. Thus d[x(?/) — v — f] = 0. 

Now (y, du, /) corresponds to an infinitesimal deformation of X as a La- 
grangian m-fold in M with conical singularities, locally the graph of d[x(y) — 
V — f] = 0. As d[x(y) — V — f] = 0 this infinitesimal deformation is trivial, and 
so cannot change the singular points Xi or identihcations Vi. Therefore y = 0, 
as £ parametrizes nonequivalent choices of Xi,Vi by definition. 

Hence d(i> + /) = 0, so w + / = c G R. As / G C^{X') by Theorem 14.31 

we have f(x) ^ 0 as a; ^ in X'. But w = of on Si and j = Oj by 

Definition Iti.ll Taking X ^ Xi shows that aj = c for all i,j, and thus c = 0 as 
Si j ®i = b. Hence w = 0 on 5'i for all f, and v is compactly-supported, so that 
[dxj = 0 in iJ4(A',R). Since the map Ax' ^ H^,,{X',R) given by w [du] 
is injective, by Definition EH we see that v = 0, and hence / = 0. Therefore 
dT'|(e.o,o) is injective on x dAx' x ^{^')- D 

Next we in effect measure how close dF|(e^o,o) is to being surjective. 

Proposition 6.7 In the situation above, the map ^ 

given by f d*('0'"d/) is Fredholm with cokernel of dimension SSi 

Proof. This is just the map ^{X') -bfe-2/i-2(^0 of Theorem 14.41 

Thus part (b) of Theorem 14.41 shows that P^j, is injective, and then part (a) 

proves that P^ is Fredholm with cokernel of dimension SSi B^-t 
Nsiih-i) = fVsi(2) by (O, as N^. is upper semicontinuous and discontinuous 
exactly on by Definition E21 □ 

Now we can define the obstruction space in our problem. 

Definition 6.8 Proposition |^31 shows that 

dPl(e,0,0)(Tef X dAx' X L^ JX')) C {u G Ll_, ,^_,{X') : J^,udVg = O}, 

and Propositions E3 and E3 show that this inclusion is of finite codimen¬ 
sion. Choose a finite-dimensional vector subspace Ox' of smooth, compactly- 
supported functions v on X' with v dVg = 0, such that 

{m G Lk-2,fj.-2i^ ) ■ Ix' = 0} = 

Ox'®dF\^,^o,o){Te£xdXx'xLljX')). 
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This is possible as such functions v are dense in the l.h.s. of 15111 . We call Ox' 
the obstruction space. Propositions FTIFTTI imply that 


n 


dim Ox> = ^ (2) — dim £ — dim /C. 


n 


n 


n 


^ N^^{2) - n{m^ + 2m - 1) + ^ dim Gi — E 6 °(Si) 


i—1 


i—1 


(52) 


n 


^(lV^,(2)-5O(S0-m' 


— 2m + 1 + dim Gi) 


n 


y^s-ind(Ci), 


where dim £ = dim £ is given in m and dim/Cx' in El , we use in the last 
line, and s-ind(Ci) 0 is the stability index of Definition Id. til 

We may interpret by saying that each singular point Xi contributes an 
obstruction space of dimension s-ind(Ci) to deforming X as an SL m-fold with 
conical singularities, and Ox' is the sum of these obstruction spaces. 

6.3 The main result 

We are now ready to prove our main results on the moduli space M.x of compact 
SL m-folds with conical singularities. The key tool is the Implicit Mapping 
Theorem. The following version may be proved from Lang Uni Th. 2.1, p. 131]. 

Theorem 6.9 Let Y, Z and T be Banach spaces, and W an open neighbourhood 
of (0,0) in Y X Z. Suppose that the function G : W ^ T is a smooth map 
of Banach manifolds with G'(0,0) = 0, and that dG(o,o)|z '. Z ^ T is an 
isomorphism of Z, T as vector and topological spaces. Then there exist open 
neighbourhoods U,V of 0 in Y and Z with U x V C W and a smooth map 
H : U ^ V with H{0) =0 such that if {u,v) € U x V then G{u,v) = 0 if and 
only if V = H{u). 

Here is our first main result, describing Adx near X. 

Theorem 6.10 Suppose {M, J,u},Tl) is an almost Calabi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at xi,...,Xn and cones 
Cl,... ,Gn. Let Aix be the moduli space of deformations of X as an SL m-fold 
with conical singularities in M, as in Definition \5.4\ Set X' = X\{a::i,..., a;„}. 

Then there exist natural finite-dimensional vector spaces Ix', Ox' such that 
Ix' is isomorphic to the image of Hf,,{X',M.) in H^{X',M.) and dim Ox' = 
s-ind(Gi), where s-ind(Gi) is the stability index of Definition \H.t)\ There 
exists an open neighbourhood Lf of 0 in Xx', a smooth map $ : f/ —> Ox' with 
$(0) = 0, and a map X. : {u G U : <&(«.) = 0} ^ Alx with S(0) = X which is a 
homeomorphism with an open neighbourhood of X in A4x ■ 
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Proof. As £ is an open neighbourhood of e in £, which is an open ball, we can 
choose a smooth identification of £ with an open neighbourhood of 0 in Tf,£ 
which identifies e with 0 and induces the identity map on Te£. Define 

Y=I^,, Z = 0 ^,xTJxIC^,xLUX'), 

T = {uG : f^,udVg = 0} and 

W = {{P,-f,e,v,f)&YxZ:e&£cTj, (P + dv, f) G V^,} 

Then 0 G Z is (0,e,0,0). Choose any norms on the finite-dimensional spaces 
Yx',Ox',Te£,ICx', and use the usual norms on and T. Then Y,Z,T 

are Banach spaces, and W is an open neighbourhood of (0, 0) in F x Z, as in 
Theorem 16.91 

Define a map G : W T by G(/3, 7 , e,v, f) = 7 - 1 - F(e, /3 -|- du, /). This 
is a smooth map of Banach manifolds, by Proposition 16.41 and G(0,0) = 
G(0,0, e, 0, 0) = 0 as F(e, 0, 0) = 0. The map dG(o,o) \z is given by 

dG(o,o)|z : {l,y,v,f) 1 -^ 7 -bdF(e_o,o)( 2 /,d?;,/). (55) 

Now Proposition 16.61 proves that (y, v, f) 1 -^ dF(e_o,o) {Vi dn, /) is an injective 
map on x Xx' x ^(A'). Also llHTll implies that Ox' intersects the image 
of dAj-g Q_o) only in 0. Therefore dG(o_o) : Z —> T is injective. 

But (15111 shows that dG(o,o) is surjective. Thus dG(o_o) is an isomorphism of 
Z, T as vector spaces. Since dG(o,o) is continuous, it is an isomorphism of Z, T 
as topological spaces by the Open Mapping Theorem. Hence the hypotheses of 
Theorem 16.91 hold, and the theorem gives open neighbourhoods U of 0 in Jx' 
and V of 0 in Z and a smooth map H : U V C Z with H(0) = 0. 

Since {P,v) 1 —> /3 -I- du is a homeomorphism Xx' x Xx' 'Hx' by 115511 . we 
see from (UtIIi that the map 

{{P,0,e,vj) GW} ^ £ xVx' given by {P, 0 ,e,v, f) ^ {e, P + dvj) 
is a homeomorphism. Applying Proposition 16 . 21 we see that 

(a) The map {(/3,0, e, u,/) £ G"^(0) C IT} ^ Vx given by (/3,0,e,n,/) 1 -^ 
'i'{e,P + d?;, /) is a homeomorphism taking (0,0, e, 0,0) ^ X. 

Define $ : G ^ Gx', Hi : U ^ tJ, H 2 : U ^ Xx' and H^-.U -> Ll^^{X') 
by H{u) = {p^{u),Hi(u),H 2 (u),H^{u)} G V G Z. Then Hi, H 2 , H 3 are 
smooth as H is smooth, and d)(0) = 0, Hj{0) = 0 as H{0) = 0. By Theorem 
16.91 if {u,v) GU xV then G(u, z;) = 0 if and only if v = H{u). That is: 

(b) if {P,y,e,v, f) G U xV C W then G{P,y,e,v,f) = 0 if and only if 

7 = e = Hi{P), V = H 2 {P) and / = Hs^P). 

Combining (a), (b) proves that S : {u £ G : $(u) = 0} ^ Vx given by 
S(m) = 'd>}Hi{u),u + dH 2 {u), H 3 {u)) is a homeomorphism from G to an open 
neighbourhood of X in Vx with S(0) = X. This completes the proof. □ 


(53) 

(54) 
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Here are two simple corollaries of Theorem Iti.lOl Firstly, if X has stable 
singularities in the sense of Definition ITtI then s-ind(Ci) = 0 , so dim Ox' = 0 , 
and A4x is locally homeomorphic to Thus A4x is a manifold near X. 

But all SL m-folds X G A4x have the same cones Ci, so all X G Mx have 
stable singularities, and M.x is a manifold everywhere. The maps S of Theorem 
Iti.lOl provide coordinate charts on M.x- It is easy to see that the transition maps 
are smooth (this follows for instance from Theorem 16.141 belowl. so Adx is a 
smooth manifold. This gives: 

Corollary 6.11 Suppose (M, is an almost Calabi-Yau m-fold and X a 

compact SL m-fold in M with stable conical singularities, and let A4x and Tx' 
be as in Theorem \6.1(A Then Aix is a smooth manifold of dimension dimix'- 

Here is another simple condition for Aix to be a manifold near X. 

Definition 6.12 Let {M,J,uj,Ll) be an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities, and let Tx',Ox',U and $ 
be as in Theorem 16.101 We call X transverse if the linear map d$|o : Ix' —> Ox' 
is surjective. It is not difficult to see that this definition is independent of the 
choices made in defining Ix', Ox', U and d). 

If X is transverse then {u G U : <!>(«) = 0} is a manifold near 0, so we prove: 

Corollary 6.13 Suppose {M, J,u},Tl) is an almost Calabi-Yau m-fold and X a 
transverse compact SL m-fold in M with conical singularities, and let A4x,Yx> 
and Ox' be as in Theorem Km Then Aix is near X a smooth manifold of 
dimension dimIx' — dim Ox'- 

6.4 Naturality oi Xx',Ox',^ and S 

In the course of proving Theorem 16.101 we made a considerable number of arbi¬ 
trary choices in 14.31 Sj^and [jHl including Tj, Ux', ^x',S, Z, T|, ,, 7ix',Ix', 

Ox' and U . We now consider to what extent the final result depends on these 
choices, in particular the vector spaces Ix', Ox' and maps $,E!. 

Now Ix' is naturally isomorphic to the image of Hf,,{X\M.) in H^{X',M.) 
by 16.11 Thus as a vector space Tx' depends only on X', though as a vector 
space of 1-forms it depends on an arbitrary choice. Let us identify Tx' with the 
image of Hf,.{X',M.) in H^{X',R), so that Ix' is independent of choices. 

Then S maps $“^(0) C Ix' Q H^{X',M.) to Aix, as a local homeomorphism. 
In the next theorem we shall construct an inverse 0 for S, defined near X in Aix 
and mapping into H^{X', R), which is independent of all arbitrary choices. This 
proves that both S and its domain {u G U : <I>(u) = 0} C Ix' are independent 
of arbitrary choices near 0 in Ix' . 

In 16.51 we will explain an alternative construction of Ox' as a vector space 
which is independent of choices. The author does not know to what extent <i> is 
natural where it is nonzero, but this does not seem a very important question. 
The theorem is based on the construction of natural coordinates on moduli 
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spaces M.X of compact, nonsingular SL m-folds, which is described by Hitchin 
111 §4] and the author §9-4]■ 

Theorem 6.14 Let {M, J,uj,Ll), X, X', A4x,U,'E. and $ be as in Theorem Xb.UA 
and let V be a path-connected, simply-connected open neighbourhood of X in 
Mx- Then there exists a natural, continuous map 0 : 14 —> H^{X',M.) depend¬ 
ing only on M,lo,X and V, such that 0,S are inverse maps on the connected 
component of V D S(t7) containing X. 

Proof. Let X € V. As F is path-connected and simply-connected there is a 
unique isotopy class of continuous paths 7 : [0, 1] ^ 14 with 7 ( 0 ) = X and 
7 ( 1 ) = X. This determines a unique isotopy class of continuous maps 11 : 
[0,1] X X' ^ M with n({0} X X') = X' and n({l} x X') = X'. Let H be a 
smooth map in this isotopy class. Then n*(aj) is a closed 2-form on [0, 1] x X' 
vanishing on {0, 1} x X', since X',X' are Lagrangian. 

Thus [n*(w)] defines a class in iJ^([0,l] x Ai';{0,l} x X',R), the relative 
de Rham cohomology group, which depends only on M, w, 14, X and X. Define 
0(X) to be the class in H^{X',M.) corresponding to [n*(w)] under the natural 
isomorphism H^{X',]&.) = x X';{0,1} x X',]R). Then 0 : D ^ 

H^{X',M.) depends only on M,uj,X and V, and is clearly continuous. 

We must show that 0,S are inverse near X. Let X lie in the connected 
component of D fl S([7) containing X. From ilH.lFilH.dl we find that X' = 
(r(/3 -I- d/)) for some (e,/3,/) € £ x Vx>, and that [/3] £ iL^(X',R) lies in 
U dx' C H^{X\M.) with $([/3]) = 0 and S([/3]) = X. 

Now on tt*{K). Assuming the fibres of tt : Ux' X' are convex 

for simplicity, we may take n|[o_i]x/f above to be n(t,x) = ^x'{t{P + d/)|a;). 
This has the correct isotopy class as X, X lie in the same component of 14nS(C/). 
Since $*,( 0 ;) = cD, a short calculation then shows that 11*(w) = (/3 -|- d/) A dt 
on [0,1] X K. As X' retracts onto K, we find that 0(X) is [/3 -I- d/] = [(3] G 
iJ^(X',R). But S([/3]) = X, so 0,S are inverse. □ 

The theorem implies that the topology on A4x is locally induced from the 
Euclidean topology on H^{X',M.) via 0. This gives another way of seeing the 
naturality of the topology on Mx- 

6.5 Another way of thinking about Xx',Ox' 

In iI 2 .dl we saw that for a compact, nonsingular SL m-fold N in an almost Calabi- 
Yau m-fold M, the infinitesimal deformations correspond to 1-forms a on X 
with da = = 0 , which form a vector space naturally isomorphic to 

H^{N,R). To extend this to SL m-folds X with conical singularities xi,... ,Xn 
with rates /ii,..., we need to regard a as a 1-form on X' with asymptotic 
conditions on a and its derivatives. 

We saw in Theorem l4.5l that the most natural asymptotic condition on a from 
the point of view of Hodge theory is | V^a| = for all k ^ 0. The vector 

space Yx’ of such a is isomorphic to H^{X' Consider for the moment only 
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deformations of X that fix the Xi and Vi. Then the most natural asymptotic 

condition on a for the deformation theory of X is |V^a| = for 

all fc ^ 0. 

Clearly if |V^a| = then |V^a| = 0{p~^~^). So define 

Z^, = {a e : iV'^al = for all k > O}. 

This is an obvious candidate for the infinitesimal deformations of X which fix 
the Xi,Vi. Therefore we ask: how big a subspace of Yx' = is Zx'^ 

First note that if the image of [a] S H^{X',R) under the map ^ 

of m is nonzero, then one can easily see from the proof of 

Theorem l4.5l in |12l §2.5] that a decays exactly at rate 0{p~^) near some Xi, and 
thus a ^ Zx' ■ Hence Zx' corresponds to a subspace of the kernel of (X', K) ^ 
©r=i that is, to a subspace of the image of Hf^{X',R) H^{X',M.) 

in (P|l. which is isomorphic to Tx' ■ 

Define Gi to be the space of germs of smooth 1-forms on X' near Xi, that is, 
smooth 1-forms f defined on Ui \ {xi} for some small open neighbourhood Ui of 
Xi in X, where two such 1-forms are equivalent if they agree on the intersection 
of their domains. For i = 1,..., n define 

{f G Gi : f is exact, d*(^™^) = 0, |V^^| = 0{p~^~^) for all fc ^ O} 

' “ {£,GG,:fis exact, d*(V'™6 = 0, = 0{pf^*-^-^) for all fc ^ O} ’ 

Then one can show that Oi is a vector space of dimension 7Vs^(2) — 6°(Si), 
an obstruction space. Each ^ in the subspace of Yx' corresponding to 2x' has a 
natural projection to for i = 1 ,..., n, and f G Zx' if and only if all of these 
projections are zero. Thus the infinitesimal deformation space Zx' is the kernel 
of a linear map lx' —> ©"=i Oi, and each obstruction space Oi depends only 
on the germ of X at Xi, and essentially only on the cone Gi. 

In fact ©]Li Oi does not correspond exactly to the obstruction space Ox' 
of Hti.2l as Ox' is the obstructions to deformations which can vary Xi,Vi. Each 
Oi contains a vector subspace Vi isomorphic to T( 2 ,^ corresponding to 

infinitesimal deformations f which vary Xi,Vi. It can be shown that there is a 
natural isomorphism Ox' = OijVi. The corresponding linear map Tx' —*■ 

Ox' is d<i)|o, in the notation of 

This way of thinking about the infinitesimal deformation and obstruction 
spaces Tx',Ox' has the advantages of being closer to McLean’s method, and of 
presenting Ox' as a direct sum of contributions from each singular point Xi, in 
a way that was implicit in (1^ but was not brought out in However, the 
author did not find it helpful in actually writing down a proof. 

7 Extension to families {(M, : s G jTj 

We now extend the material of m and m from a single almost Calabi-Yau re¬ 
fold (M, to a smooth family of deformations {{M, J®, w®,D®) : s e jc-} 
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of (M, J,uj,^), as in Definition 12.111 The basic idea is that we consider defor¬ 
mations X of a compact SL m-fold X in (M, J,uj, il) with conical singularities, 
not just in (M, J, a;,D) but in (M, J®, w'*, for s G T. 

We collect these deformations (s,X) into a big moduli space with a 
natural topology and a continuous projection tt^ : AdJ —> A”, generalizing 
Then we show that AdJ is homeomorphic near (0, X) to the zeroes of a smooth 
map : J- x Xx' —> Ox' between finite-dimensional spaces, generalizing 

7.1 Moduli spaces of SL m-folds in families (M, fl®) 

We first explain how to extend ^to families {{M, J®, w®, fl®) : s G A'} of almost 
Calabi-Yau m-folds, as in Definition vrn] In fact this is not very much work, 
as we are already dealing with families £ of choices of Xi^Vi, so we simply have 
to enlarge these families to include A, and make appropriate changes. Consider 
the following situation. 

Definition 7.1 Let (M, J, w, id) be an almost Calabi-Yau m-fold and X a com¬ 
pact SL m-fold in M with conical singularities at xi,... ,Xn with identifications 
Vi : C™ ^ TxiM, cones C'i,...,C'„ and rates /i^. Suppose {(M, J®, w®, fd®) : 
s G a} is a smooth family of deformations of {M, J,uj,ll), where A C is 
the base space, such that i*( 7 ) • [w®] = 0 for all 7 G H 2 {X,M.) and s G A 
and [AT] ■ [Imid®] = 0 for all s G A. Here l : X ^ M is the inclusion, 
t, : H 2 {X,M.) —> H 2 {M,]&.) the induced map, [w®] G R), [A] G iLm(M, R) 

and [Imfd®] G id™(M,R). 

The point of this definition is that i* ( 7 ) ■ [w®] = 0 for all 7 and [Y] • [Im Id®] = 0 
are necessary conditions for there to exist an SL m-fold X in {M, J®, w®, fd®) with 
conical singularities, isotopic to X in M. For if f : Y —> R is the inclusion then by 
isotopy f*( 7 ) = i*( 7 ) under the natural isomorphism H 2 {X, R) = H 2 {X, R) and 
[Y] = [Y]. But clearly i*( 7 ) • [w®] = 0 for all 7 G 7 L 2 (Y,R) and [Y] • [Imfd®] = 0, 
since = Imfd®|-j^, = 0 . 

We have written these conditions in an odd way. In effect t*( 7 ) • [w®] = 0 
for all 7 and [Y] • [Imid®] = 0 simply mean that [a;®|x] = [Inifd®|x] = 0 in 
H*{X, R). However, we have not defined the de Rham cohomology H*{X, R) of 
the singular manifold Y, so this does not make sense. The conditions [ci;®|x'] = 
[Imld®|x'] = 0 in 7J*(Y',R) do make sense, but are not strong enough. 

Here are the analogues of Definition 15.II and Theorems 15.21 and 15.dl 

Definition 7.2 In the situation of Definition 17.11 for s G A define tjj^^ : M ^ 
(0, cx)) as in lEJ, but using aj®,Id®. Extending (1^ . define 

= [{s,x,v) : s G J-, X G M, V : C™ —> T^M is a real isomorphism, 
r;*(w®)=a;', r;*(fd®) = V’"(cc)™Id'}, 

where uj',11' are as in |^. Define > A by : {s,x,v) >--> s. Define 

a free SU(m)-action on P^ by B : {s,x,v) 1 -^ {s,x,v o B~^). Then P^ is a 
principal SU(m)-bundle over A x M. 
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Let Gi be the Lie subgroup of SU(m) preserving Ci. Let Q & T' C T and 
vf : C”^ —> for i = and s £ iF' be as in Theorem 14.91 Then 

(s, Xi, vf) £ for i = 1,..., n and s £ P'. Let £i,£ be as in Definition o 
For i = 1,... ,n let £f^' be a submanifold of dimension dimP^ — dimGi in 
( 7 r^)*(P') C such that : £[' —> P' is a submersion, ( 7 r^)“^(s) is a small 
ball containing {s,Xi,vf) for s € P' which is transverse to the orbits of Gi, and 
( 7 r^)“^( 0 ) = {0} X £i. Making P' smaller if necessary, such £[ exist. Define 

£^' = .. .,x„,v„) : {s,Xi,Vi) £ £[' for i = 1,... ,n}. (57) 

Write a general element of as (s, e) for s G T' and e = (xi, ui,... ,Xn, v-n) 
as in io and let e® = {xi,vf,..., Xn, vf), so that (s, e®) £ £^' for all s £ P'. 
Define : £^' —> P' by : (s, xi,..., {)„) s. Then ( 7 r^)“^( 0 ) = {0} x £. 

This £^' is a family of {s,Xi,Vi) such that Xi,Vi are close to Xi,Vi, and are 
valid alternative choices of Xi,Vi in (M, J®, w®, D®), noting that Vi : C™ —> 
has to be compatible with w®,!)® as in MM Each Gi X ■■■ X Gn equivalence 
class of choices of s, Xi,Vi close to 0 , Xi, Vi is represented exactly once in £^ . 


Theorem 7.3 In the situation above, use the notation of Theorem \4- 71 let 
Ux',^x' be as in Theorem \4-£\ let 0 G P' Q P and vf,Tf,^f, for s G P' 
be as in Theorem EB and let £,Tf and be as in Theorem AB.SX 

Then making P' smaller if necessary, there exists a connected open subset 
£^' C £^' with (s,e®) £ £^' for all s G P' and (7r'^)“^(0) r\£^' = {0} x £, and 
for all {s,e) = {s,Xi,Vi,... ,Xn,Vn) in £^' there exist 


(a) embeddings T®’'^ : M for i = 1,... ,n with 


S 


_ 


T®’'"(0) = Xi, dT®’®|o = Vi and 


(b) an embedding : Ux' 

such that on tt*{K) C Ux', 


M with = $ 


{Tf’riu;n=co', (58) 
and ($^f)*(w®) = (h, 


all depending smoothly on (s,e) £ £^', with = Tf and for all 

e G £ and 


o d(Ti o (/)j)(CT, r, r, u) = T®’® o (c, r, r + r]l{a, r),u + rjl{a, r)) (59) 

for all (s, e) £ £^', iGiiGin and (a, r, r, u) G T* (Sj x (0,7?')) with | (t, it) | < . 


Theorem 7.4 In the situation above, let (s,e) = {s,xi,vi,... ,Xn,Vn) G £^', 
and suppose X is a compact SL m-fold in (M, J®, w®, D®) with conical singu¬ 
larities at xi,... ,Xn, with identifications Vi, cones Gi and rates yti. Then if 
(s, e), ( 0 , e) are sufficiently close in £^ and X', X' are sufficiently close as sub¬ 
manifolds in a G^ sense away from xi,... ,x„, there exists a closed 1-form a 
on X' such that the graph r(a) lies in Ux' C T*X', and X' = 4>^’f(r(a)). 
Furthermore we may write a = /3 + d/, where (3 is a closed 1-form supported in 
K and f G G“(X'). 
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The proofs are straightforward modifications of ^5.11 replacing Theorem l4.8l 
by Theorem EM Here is the analogue of Definitions [Q and ESI 

Definition 7.5 In the situation above, define the moduli space of defor¬ 
mations of X in the family T to be the set of pairs (s, such that 

(i) s G IF and X is a compact SL m-fold in (M, J®, w®, H®) with conical 
singularities at xi,... ,Xn with cones Ci,..., C„, for some Xi. 

(ii) There exists a homeomorphism t: X ^ X with i{xi) = Xi for i = 1,..., n 
such that t\x' '■ X' X' is a diffeomorphism and t and l are isotopic as 
continuous maps X M, where i, : X ^ M is the inclusion. 

Define : A4^ IF hyir^ : (s, X) s. Let be the subset of (s, X) G Ad J 
such that for some (s, e) G and some 1-form a on X' whose graph r(a) lies 
in Ux' C T*X' we have X' = <i)^f(r(a)), as in Theorem 17.41 

This gives a 1-1 correspondence between V^ x ^^.d a set of triples (s,e,a) 
for (s, e) G and a a smooth 1-form on X' with prescribed decay. Also 
(7r^)“^(0) n Vg x = {0} ^ where Vx is as in Definition 15.41 and the triples 
(0, e, a) for (7r^)“^(0) fl Vf'x agree with the pairs (e, a) for Vx in Definition l5.4l 
Use this 1-1 correspondence to define a topology on Vg x^ using the natural 
topology on and either the C'^_i or the topology on a, defined as in 

a The analogue of Proposition 15.51 shows that these yield the same topology 
on Vf'xj which is also independent of choice of rates /i^. 

For each (s,X) G A4J we can regard {(M, J®,a;®, H®) : s G IF} as a family 
of deformations of (M, J®, w®, D®) rather than of (M, J°, and we can 

redo the whole of this section replacing 0 G IF by s G F and X hy X. In this 
way we define a subset Vfx of Ad J containing (s, X) with a 1-1 correspondence 
between Vfx a set of triples (s,e,a), and a topology on 

One can show that the topologies on different neighbourhoods Vfx agree 
on the overlaps, and that the overlaps are open in each. Piecing the topologies 
together therefore dehnes a unique topology on AdJ. In this topology tt-^ : 
AdJ —> F is continuous, and V^ x is an open neighbourhood of (0, A"). 

Note that (7r^)“^(0) C AdJ is just {0} x Adx in the notation of d5.2l and the 
subspace topology on (7r^)“^(0) agrees with the topology on Adx in Definition 
15.61 More generally, if {s,X) G AdJ then (7r^)“^(s) C Ad;J is {s} x Adx 
as a topological space, where Adx is the moduli space of deformations of X 
in (M, J®,w®,D®). 

Remarks. Basically, AdJ is the family of pairs (s,A') where s G F and X 
is a compact SL m-fold in M with conical singularities, which is deformation 
equivalent to X in a loose sense. Note that AdJ may not be connected. The 
fibres (7r^)“^(s) of tt^ : Ad;J ^ X are (as topological spaces) moduli spaces of 
compact SL m-folds in (M, J®, a;®, H®) with conical singularities, deformation 
equivalent to X, and with (7r^)“^(0) = Adx- 

The whole point of constructing AdJ, and its topology, is that we can now 
make sense of the idea of a continuous family of compact SL m-folds X in M 
with conical singularities, in which the underlying almost Calabi-Yau structure 
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is allowed to vary. That is, we can continuously deform X not just in (M, J, w, 17) 
but also in (M, for s € X. 

7.2 The main result for families (M, a;*, fl®) 

Next we extend [JHlto the families case. Here are the analogues of Definition 1(1.II 
and Proposition 1^21 

Definition 7.6 Let Hx', ICx' ,^x', k,p, fJ.j'Dx' and F be as in Definition 16.11 
Define a map : £^' x Vx' —> C^{X') by 

^.((d>if)*(ImD)|r(; 3 +d/)) =i""(s,e,/3,/)dP, (60) 

for (s,e) G £^' and (/?,/) G Then F^{0,e, f3, f) = F{e,(3,f) on f x Vx'- 

Proposition 7.7 In the situation above, suppose {s,e,f3,f) G £^ x Vx' with 
F^{s,e,l3,f) = 0. Set X' = <i)^f (r(/3 + d/)) and X = X'U {ii,...,a;„}, 
where e = {xi, ... ,Vn)- Then f G C^{X') and X is a compact SL m-fold in 
{M, ,u}’^with conical singularities at Xi with identifications Vi, cones Ci 

and rates pi. Thus {s,X) lies in C AIJ in Definition \7.5\ Conversely, each 
X in comes from a unique (s,e,/3,/) G f ^ x Vx' with F^ {s,e, (3, f) = 0. 
Write 'L^(s, e,/3,/) = (s,X). Then : (F^)“^(0) is a homeomor- 

phism, with (['■^(0, e, 0, 0) = (0, N). 

The modifications to the proof of ProDOsition l(1.2l are just trivial notational 
ones. We shall use Proposition 16.dl as it is. The analogue of Proposition l6.4l is 

Proposition 7.8 In the situation above, F^ maps 

F- : S^' X Vx' ^ {w G Ll_^^^_^{X') : = O}, (61) 

and this is a smooth map of Banach manifolds. 

Again, the modifications to the proof are just trivial changes in notation. We 
shall use all of as it is. The point is that F-^ls^o = F, so the calculations 
in il 6.21 about dF|(g q q) immediately tell us about the restriction of dF^|(o,e,o,o) 
to the vector subspace with s = 0 . 

We can now prove the main result of this section, the analogue of Theorem 
16.101 for families, which describes AIJ near (0, A). 

Theorem 7.9 Suppose {M, J,u},Tl) is an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities at xi,... ,Xn- Let A4x, X' , 
Tx', Cx' •, U, (h and be as zn Theorem 16.1(4 

Suppose {(M, J®, tu®, D®) : s G A} is a smooth family of deformations of 
{M, J,u!,Lt), in the sense of Definition \2.11\ such that (.*( 7 ) • [a;®] = 0 for all 
7 S 7 L 2 (A, R) and s G F, where i : X ^ M is the inclusion, and [A]'[lmD®] = 0 
for all s G F, where [A] G and [ImD®] G i7'"(M,R). Let AdJ and 

TT^ : AIJ —> A be as in Definition \ 7. 5| 
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Then there exists an open neighbourhood of (0, 0) in tP x U, a smooth 
map <i>^ : Ox' with $^( 0 ,u) = $(«), and a map : {(s,u) S : 

$^(s, u) = 0} ^ J with S^(0, u) = (O, S(m)) and o S^(s, u) = s, which is 
a homeomorphism with an open neighbourhood of (0,X) in A4x- 

Proof Recall that 0 £ JF' C c and tt^ : ^ T' \s &. submersion with 

fibres open balls, and 3 ( 7 r'^)“^( 0 ) = {0} x £. Thus we can choose a smooth 
identification of £^' with an open neighbourhood of (0,0) in T' x Tf,£ C x Te£ 
which identifies the projections : £^ —> T' and ■. T' x Te£ —> J-', and 
on (7r^)“^(0) = {0} X £ and {0} x Tf^£ agrees with the identification between 
E and a subset of Tf.£ chosen in the proof of Theorem lb.101 Define 

=W^xIx', Z= Ox' X tJ X Ex' X Ll^iX'), 

T={ue : Jj^,udVg = 0} and 

= {(s, /3, 7 , e,v,f)eY^xZ:(s, e) G £^' cM"' x tJ, (/3 + du, /) G Vx' }• 

Then 0 G Z is (0, e,0,0). Choose any norms on the finite-dimensional spaces 
M.^,Tx',Ox',Te£,Ex', and use the usual norms on ^{X') and T. Then 
Y^,Z,T are Banach spaces, and is an open neighbourhood of (0,0) in 
Y^ X Z, as in Theorem El 

Define a map ^ T by G'(s, /?, 7 , e,v,f) = 7 - 1 - F^{s, e, f) + du, /). 

This is a smooth map of Banach manifolds, by Proposition [^1 and G^(0,0) = 
G^(0,0, 0, e, 0, 0) = 0 as ^^(0, e, 0, 0) = 0. The map dG;^ gj |z is given by 

dGfo,o)|z : (7,y,'i',/)'-^7+di^(o,e,o,o)(0^y>du,/) = 7-fdF(e,o.o)(y,d^^,/), (62) 
since F^|s=o = F, as in Definition 

Comparing (Ell) with (EH) we see that dG^g^l^ : Z ^ T agrees with 
dG(o,o)|z : ^ ^ T in the proof of Theorem 16.101 Therefore dG^ gjg i s an 
isomorphism of topological vector spaces as in the proof of Theorem 16.101 and 
we can apply Theorem 16.91 to Y^, Z, T, and G^. The rest of the proof is a 
straightforward modification of that of Theorem 16.101 □ 

Here is the analogue of Corollarv ib.lll Note the similarity to Theorem 12.131 

Corollary 7.10 Let (M, J, a;,D) be an almost Calabi-Yau m-fold, X a compact 
SL m-fold in M with stable conical singularities, let {(M, J'*, w®, D®) : s G iF} be 
a smooth family of deformations of (M, J,u!,£t) for IF C M®* with 6 * ( 7 ) • [w®] = 0 
and [X] • [ImD®] = 0 for all 7 G H 2 {X,M) and s G JF, and let Alx, J,tt®^, 
and Ix' be as in Theorem EB 

Then AdJ is a smooth manifold of dimension dYdivalx' and tt^ : AIJ —> T 
a smooth submersion. For all s G F sufficiently close to 0 the fibre ( 7 r^)“^(s) 
is a nonempty smooth manifold of dimension dimZ^G with ( 7 r'^)“^( 0 ) = Alx- 

Here ^ IF is a submersion means that : T(„ x)-Mx ^TgF = 

is surjective for all (s,A) G M-x- This follows near (0,A') G AIJ as S®" is a 
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diffeomorphism from d T xU to a. neighbourhood of (0, X) £ which 
identifies the projections : AdJ —> X and ■. T x U ^ J-. Thus it holds 
near every (s,X) G A4J, by applying Theorem 17.hi with {M, J,uj,fl) replaced 
by (M, and X by X. 

Corollary 17.101 implies the analogue of Theorem I2.1dl for compact SL m- 
folds X in M with stable conical singularities. That is, it shows that there are 
no local obstructions to deforming X to nearby almost Calabi-Yau structures 
on M, except the obvious cohomological ones. 

Here are the analogues of Definition 1(1121 and Corollary 1 ( 1 .Idl 

Definition 7.11 Let (M, J, a;,H) be an almost Calabi-Yau m-fold, X a com¬ 
pact SL m-fold in M with conical singularities, {(M, H®) : s £ iF} a 

smooth family of deformations of (M, J,uj, H) for IF c with (.*( 7 ) ■ [w®] = 0 
and [X] • [ImH®] = 0 for all 7 £ H 2 {X,M.) and s £ IF, and let 
and <i>^ be as in Theorem o 

We call X transverse in T if the linear map d$^|(o 0 ) : x Tx’ Ox' 

is surjective. This definition is independent of the choices made in defining 
Ix',Ox 'and d)^. Since the restriction of d<i)^|(o,o) to Ix' C x lx' is 
d$|o, we see that if X is transverse in the sense of Definition lH.12l then it is also 
transverse in J-, for any family J-. 


Corollary 7.12 Let {M, J,uj, Q) be an almost Calabi-Yau m-fold, X a compact 
SL m-fold in XI with conical singularities, let w®,H®) : s e X} be a 

smooth family of deformations of (M, J, w, H) for iF with t»(7) • [w®] = 0 

and [YT] • [ImH®] = 0 for all 7 £ H 2 {X,R) and s £ F, and let Ai^,Xx' md Ox' 
he as in Theorem Suppose X is transverse in T. Then AIJ is near (0, Y) 
a smooth manifold of dimension d -\- dimXx' — dim Ox', and : AdJ ^ F is 
a smooth map near (0, Y). 

Here Theorem o implies that near (0, Y) we can identify AdJ with a sub¬ 
manifold of F X U, and tt^ then coincides with the projection : F x U ^ F, 
so TT^ is smooth near (0,Y). Corollary 17.121 will be important in m as we 
will show that for any compact SL m-fold Y in (M, J, oj, LI) with conical sin¬ 
gularities, there exists a family of deformations {(M, J®,a;®, H®) : s £ F} of 
(M, J, uj, Lt) such that Y is transverse in F. 


8 Other extensions of Theorems 16.101 and 17.91 

Section 0 discussed the extension of the deformation theory of ^B-SjOlto families 
of almost Calabi-Yau m-folds. We now briefly consider other possible exten¬ 
sions of the theory, first to immersed rather than embedded submanifolds, and 
secondly to ways in which we can allow the SL cones Ci,, Cn to vary over 
the moduli spaces Adx, AdJ, rather than being the same at every point. Allow¬ 
ing the Ci to vary reduces the dimension of the obstruction space Ox', and so 
increases the (expected) dimension of Ad x, Ad J. 
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8.1 Immersions 


So far, for simplicity, we have worked throughout with embedded submanifolds. 
In fact, nearly everything we have done can be generalized to immersed sub¬ 
manifolds in an obvious way, with only trivial, notational changes. Here are a 
few of the details involved in doing this. 

Instead of regarding compact SL m-folds X in (M, J,uj,il) with conical sin¬ 
gularities as subsets of M, we instead regard X as a Riemannian manifold with 
conical singularities, in the sense of ca §2], together with an isometric immer¬ 
sion i : X —> M, which is locally but not necessarily globally injective. The sin¬ 
gular points xi, ... ,Xn & X are distinct, but their images i{xi), ..., G M 
may not be. 

The Ei become compact Riemannian manifolds with isometric immersions 
Ei —> and the cones Ci on E^ become Riemannian cones in the sense 

of |12[ §2.1], with isometric immersions Q ^ C™ which need not be locally 
injective near 0. The can still be embeddings, but their images may overlap. 
The 4>i, Li, d)x', etc., should be taken to be immersions. 

The only point the author is aware of where there is a significant problem in 
changing from embeddings to immersions is in the Geometric Measure Theory 
of ^1 §6], in particular Theorem \rn\ above, where the tangent cone C must 
have CyfO} a genuine embedded submanifold. However, we do not use Theorem 
\rn\ in this paper, so this does not affect the results of ia-izi 

Suppose C is an embedded SL cone in C"* with an isolated singularity at 0, so 
that E = is a compact (m—l)-manifold. If E is not simply-connected 

we may be able to take a finite cover tt : E ^ E. Then E is an immersed 
minimal Legendrian (m—l)-fold in with a corresponding immersed SL 

cone C in C™. 

This construction considerably increases the supply of possible SL cones 
available as model singularities in the immersed case. It is particularly effective 
when m = 3, as then E is an oriented Riemann surface of genus g ^ \, and so 
admits many finite covers. A similar phenomenon is described in 0 Th. 11.6], 
which constructs a large family of immersed SL 3-folds in diffeomorphic to 
5^ X which are asymptotic at infinity to the double cover of an embedded 
SL T^-cone in C^. 

8.2 Cones Ci with multiple ends 

The moduli spaces Mx and Mf. defined in m and EH have the same set of 
SL cones Ci,... ,Cn (up to SU(m) equivalence) for every X G Mx or {s,X) G 
M^. There are various ways of relaxing this, and enlarging the moduli spaces 
Mx,M^ by allowing the SL cones Ci to vary. Consider the case in which 
El,..., E„ are not all connected, so that 6°(Ei) > 1 for at least one i. We shall 
explain two ways to generalize Mx and M^. 

The first way is to regard X as an immersed SL m-fold in M with conical sin¬ 
gularities, as in EH That is, instead of X having n singular points xi,..., Xn, 
we regard it as having fi = distinct singular points yi,..., ya, where 
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n > n, which happen to be mapped to n points in M in groups of for 

i = 1,..., n by the immersion t : X —> M. 

Essentially, we replace X hy X = X' {j/i,..., y^}, where each yi compact- 
ihes one of the fi noncompact ends of X'. Then we deform X to get a moduli 
space or J of immersed SL m-folds with n singular points. Note that for 
general elements of Aix or there will be up to n distinct singular points 
in M, rather than just n. 

The second way is to retain the number n of singular points, but to allow 
the 5°(Si) components of C' to move around separately under SU(m) rotations. 
Let be the connected components of Si for j = 1,..., 6°(Si), and let Cf be 
the cone on S^ in C™, so that Ci = C'f. 

Then in defining A4x,Mx allow the SL m-folds X with conical singu¬ 
larities at xi,... ,Xn to have cones Ci = UjJi^'.BiC'i for Bl £ SU(m) with 
B] = 1. This enlarges the family of SL cones allowed in Afx,A^J, and so 
enlarges Adx, A^x- 

In i|31-[J7|we have to enlarge S, etc., by including possible values of Bl near 
1 for y > 1. The main effect that this has on the final results is that it reduces 
the dimension of the obstruction space Ox', and thus increases the (expected) 
dimension of A^x, AIx- The old formula 1521) for dim Ox' should be replaced by 

n b°{Y.i) 

dim0x' = i:( —2m-f ^ (s-ind(C'j^ )-I-2m)y (63) 

i=i i=i 

If 6°(E,) > 1 one can show that this does strictly reduce dim Ox' ■ 

The new obstruction space Ox' is a quotient of the old by a vector subspace, 
which is the extra obstructions we can overcome by moving the Cf around 
separately under SU(m). The new infinitesimal deformation space Ix' is the 
same as the old one. 

There is one special case to be considered above. In Definition ron and 
throughout we have assumed that the SL cone Ci has an isolated singularity at 
0. It could be that if 6°(Ei) > I then some of the Cl above are SL planes R™ 
in C™, and thus are nonsingular at 0, and so are not covered by Definition 13.61 

In this case fails for Yi\ = as m^t (1) = na. To compensate for this, 

the appropriate value of s-ind(C|) in is s-ind(C'j^) = —m. This is because 
the term s-ind(C'f) -I- 2m in P|) contains a contribution 2m on the assumption 
that m^t (1) = 2m, and this has to be reduced from 2m to m. 

8.3 Families of special Lagrangian cones 

Let X be a compact SL m-fold in (Af, J, w,D) with conical singularities at 
xi,... ,Xn with cones Ci,..., C„. Here is a more general way of relaxing the 
condition that the SL m-folds X in Adx, AIJ must all have the same SL cones 
Cl,... ,Cn at their singular points. 

Suppose Ci is a smooth, connected family of distinet SL cones in C™ with 
Ci £ Ci for i = l,...,n. Since we can always move cones through SU(m) 
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rotations by changing the identifications Vi, suppose for simplicity that Ci is 
closed under the action of SU(m). Then in defining M.x,Mx we allow the 
SL m-folds X with conical singularities at Xi^...,Xn to have cones Ci G C 
for i = 1 ,..., n. 

If Ci is the SU(m)-orbit of Ci, then this yields exactly the same moduli 
spaces Mx,-Mx as in Uni-JiZI In the situation of ii 8 . 2 l if Ci = and 

we take C to be an open subset of the product of the SU(m)-orbits of C- for 
j = 1,..., 6 °(Si), so that Ci consists of cones Ci got by moving the Cj' about 
independently with SU(to) rotations, then this recovers the ‘second way’ of iJ 8 . 2 l 

But if Ci contains nontrivial deformations of Ci not obtained by SU(to) 
rotations of the components of C', then this is a true generalization of the prob¬ 
lem, which will enlarge j\4x,Xix nnd their (expected) dimension. Intuitively 
one might expect that special Lagrangian cones are pretty rigid things and will 
not admit nontrivial deformations in this way, so that there do not exist any 
interesting families Ci to use in this construction. 

However, at least when m = 3, this is not true. There exists a complicated 
theory which describes all special Lagrangian T'^-cones in using integrable 
systems, which is described in McIntosh m and the author m- It establishes 
a I-1 correspondence between SL T^-cones in up to isometry and collections 
of spectral data, including a Riemann surface Y with even genus called the 
spectral curve, and a holomorphic line bundle L ^ Y. 

As 1201 §4.2] and ^1 §4.3], it turns out that an SL T^-cone with spectral 
curve Y of genus 2d ^ 4 is part of a smooth (d — 2)-dimensional family of 
SL T^-cones up to isometries of C^, which have the same spectral curve Y 
but varying line bundles L ^ Y. Ian McIntosh (personal communication) and 
Emma Carberry have recently announced a proof of the existence of SL T^-cones 
with spectral curves of every even genus. Thus there exist smooth families Ci of 
SL T^-cones in with arbitrarily high dimension, to which we can apply this 
deformation theory. 

The main changes to the final results are that we replace the definition of 
s-ind(C'i) in 0 by s-indc^(C'i) = N^.{2) — b°{T,i) — 2m — dimC^, the stability 
index of Ci in Ci, and then the old formula for dim Ox' should be replaced 
by dim Ox' = 'Yl'i=i s-indc^ {Ci). The new infinitesimal deformation space Ix' is 
the same as the old one. 


9 Transversality and genericity results 

Finally we discuss the question: if (M, J, w, H) is a generic almost Calabi-Yau 
TO-fold, are moduli spaces AIx of compact SL m-folds X in M with conical 
singularities necessarily smooth? 

Consider what we mean by generic here. The conditions i*{'j) • [w] = 0 for 
7 £ H 2 {X, R) and [Y] • [Im H] = 0 mean that when [w], [Im H] are generic there 
will not exist any such SL m-folds X in {M, J, uj, Cl). Thus, choosing (M, J, uj. Cl) 
generically in the family of all almost Calabi-Yau m-folds is too strong. Instead, 
we shall require only that to is generic in its Kdhler class. 
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That is, given an almost Calabi-Yau m-fold (M, J,uj,n) containing a com¬ 
pact SL m-fold X with conical singularities, we consider generic perturbations 
{M, J,u},n) with Lj = Lu + d(Jd/) for some Kdhler potential f £ so 

that [w] = [oj] G R). Then there are no cohomological obstructions to 

the existence of SL m-folds X with conical singularities in (M, J, ti), fl) isotopic 
to X, and we wish to know whether the moduli space Atx of such X is smooth. 

We begin by showing that for any compact SL m-fold X with conical singu¬ 
larities, there exists a family of deformations T with X transverse in T. 

Theorem 9.1 Let [M, be an almost Calabi-Yau m-fold and X a com¬ 
pact SL m-fold in M with conical singularities. Let as in m 

Then there exists a smooth family of deformations {(M, J, w®,n) : s £ X} 
of {M, with [w®] = [w] £ R) for all s GJ-, such that X is trans¬ 

verse in T, in the sense of Definition \7.l7[ and dimX = dim Ox'- Hence the 
moduli space of Q is a manifold near (0, X). 

Proof. Use the notation of &37| Recall from Definition El that Ox' consists 
of smooth, compactly-supported functions v on X' with v dVg = 0. Since 
iL™(X',R) = 0, we see that each such v may be written as d*{ip'^a) for a 
a smooth, compactly-supported 1-form on X'. Let d = dim Ox', and choose 
smooth, compactly-supported 1-forms ai,... ,ad on X' with 

Ox' =(d*(V-™ai),...,d*(V-™ad)). (64) 

Suppose / £ 0“(M) with f\x' = 0. Then df\x' e where v ^ X' 

is the normal bundle to X' in M. But the complex structure J induces an 
isomorphism u = TX', so we can regard df\x' as an element of C°°{T*X'), 
that is, a 1-form on X'. 

Choose smooth functions /i, ■ ■ ■, /d £ C°°{M) such that /j |x' = 0, and fj 
is supported on a small open neighbourhood Uj in M of the support of Uj in 
X' with Xi 0 Uj for i = l,...,n, and dfj\x' is identihed with aj under the 
isomorphism C°°{v*) = C°°{T*X') above, for j = 1,... ,d. It is easy to show 
that this is possible. 

For s = (si ,... ,Sd) £ R'^, define a closed real (l,l)-form w® on M by 

a;® = w -K ^3 d(j(d/j)). (65) 

Choose an open neighbourhood X of 0 in R®* such that w® is the Kahler form of 
a Kahler metric g® on (M, J) for all s £ X. This is true for small s £ R®*. Then 
{(M, J,a;®,r2) : s £ is a smooth family of deformations of in 

the sense of Definition 12.111 

The definition of fj implies that (J dfj)\x' = ctj. Thus (E3) gives 

( 66 ) 

Applying Theorem 14.91 gives 0 G !F' C P and family of maps : Ux' M 
for s G T' with (<i)^/)*(Lc®) = w. Identifying X' with the zero section in Ux', 
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we see from (l(T^ and (inni that 


d 

= - ^ Sj doj■ +0(|sp) for small s G (67) 

i=i 

As the restriction of cD on Ux' to the graph r(Q;) of a 1 -form a is —da, examining 
the proof of Theorem OI in m we find that we can choose such that 

Si c«i) + fo'' X € X' and small s G T'. (68) 

That is, the image of the zero section under approximates the image of the 
graph of Si cij under ■ 

The proof of Proposition 12. 101 now shows that 

d 

($^,)*(Imf^)|jc' =-^Sj d*(V’™aj)dyg-hO(|sp) for small s G (69) 
i=i 

But <i)^f = in Theorem 17.81 and 16011 in Definition 17.61 imply that 

(d>^,)*(Imr!)k' =F^(s,e^0,0)dFg. (70) 

Combining equations and 1101 shows that the projection to Ox' of 

the derivative dir^|(o_e,o.o) is surjective. It easily follows that in Theorem 17.91 
the map d$^|(o,o) ■ x ^x' Ox' is surjective. Hence X is transverse in T 
by Definition 17.ill The last part follows from Corollary 17. 121 □ 

Let F : P —> Q be a smooth map between finite-dimensional manifolds. 
Recall that q € Q is called a critical value of P if g = F{p) for some p G P for 
which dP|p : TpP TgQ is not surjective. Points q € Q which are not critical 
values are called regular values. Then Sard’s Theorem (see Bredon [2 §11.6 & 
App. C] for a proof) says that the set of critical values of P is of measure zero 
in Q. Thus, almost all points in Q are regular values. 

This is important because if g G Q is a regular value then F~^{q) is a 
submanifold of Q, of dimension dimP — dimQ. Now in Theorem o we know 
that A4x is a manifold and : Aix —> -P a smooth map near (0,Ar). Thus 
Sard’s Theorem shows that ( 7 r'^)“^(s) is a manifold near (0, X) for small generic 
s G P. So we prove: 

Corollary 9.2 In the situation of Theorem um for small generic s G P the 
moduli space = (7r^)~^(s) C AdJ of deformations of X in (M, J, w®, fl) is 
near (0, P) a manifold of dimension dimP^' ~ dim Ox'- 

If dimPx' — dim Ox' < 0 then M.% is empty near (0, AT) for small generic 
s. We can generalize Theorem 19.11 in the following way. As transversality is 
an open condition, X is transverse to P for X in an open neighbourhood of 
P in Alx- In the same way, for each X G AIx we can construct a family of 
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deformations Tx of {M, J,uj,n) and an open neighbourhood of X in Mx in 
which all X are transverse to Xx- 

Let W C Adx be compact. Taking a finite subcover of W from this collec¬ 
tion of open neighbourhoods in At x, we get families of deformations T\^... 
of (M, J, O', n) such that every X € W is transverse in Tj for some j = 1,... ,1. 
Choose a family X of deformations of {M, J,uj,il) containing open neighbour¬ 
hoods of 0 in Ai,..., Aj. This is easily done, as the J-j are open neighbourhoods 
of u! in affine subspaces Ai, ■ ■. ,Ai of the Kahler class of oj, and we can take T 
to be an open neighbourhood of w in the affine subspace spanned hy Ai^... ,Ai. 
Then all X € W are transverse in A, giving: 

Theorem 9.3 Let [M, be an almost Calabi-Yau m-fold and X a com¬ 

pact SL m-fold in M with conical singularities. Let M.x,1x' tO x' be as in 
and suppose W C /Ax is a compact subset. Then there exists a smooth 
family of deformations {{M, J,u!^,Q) : s G A} of {M, J,u!,Ll) with [w®] = [w] G 
M) for all s G X, such that X is transverse in T for all X G W. Hence 
the moduli space /A^ of Q is a manifold near {0} x W. 

The analogue of Corollary 19.21 is: 

Corollary 9.4 In the situation of Theorem \t).tA for small generic s G A the 
moduli space XVf = (7r^)“^(s) C A4J of deformations of X in (M, J,a;®, fl) is 
near {0} xW a manifold of dimension dimIx' — dim Ox'- 

Roughly speaking, Corollaries 19.21 and El imply that for a small generic 
perturbation (M, J, w, fl) of (M, J, oj, ft) in the same Kahler class, the perturbed 
moduli space At x is a manifold near X, or more generally near a compact subset 
W of Alx- Of course, X and W do not lie in /Ax, but the idea does make sense. 
We conjecture that if ui is sufficiently generic then Alx is a manifold everywhere. 

Conjecture 9.5 Let {M, J,u},Tl) be an almost Calabi-Yau m-fold and X a 
compact SL m-fold in M with conical singularities, and let 2x', Ox' be as in 
m Then for a second category subset of Kahler forms Co in the Kahler class of 
CO, the moduli space /Ax of compact SL m-folds X with conical singularities in 
(M, J, Co, fl) isotopic to X is a manifold of dimension dimZx' — dim Ox'. 

Recall that a subset of a topological space is of second category if it can be 
written as the intersection of a countable number of open dense sets. Using 
the Baire category theorem one can show that second category subsets of the 
Kahler class of co are dense. Thus, the conjecture implies that A4x is smooth 
for generic Co. 

As a countable intersection of second category subsets is second category, the 
conjecture also implies that by choosing Co generically we can make a countable 
number of moduli spaces /Ax^, JAx 2 , ■ ■ ■ simultaneously smooth. However, we 
have not extended Coniecture l9.5l to the tempting, much simpler statement that 
for generic Co, all the moduli spaces /Ax are smooth. 
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This is because, as in ESI there can exist smooth, positive-dimensional 
families of SL cones in C™ which are distinct under SU(to) transformations. 
Now with the definitions of every X £ Mx has the same cones Ci,..., C„. 
If these cones Ci are allowed to vary in positive-dimensional families, we would 
get corresponding uncountable families of moduli spaces and it is too much 
to expect all of these to be simultaneously smooth. 

Results similar to Conjecture 19.51 are proved by Donaldson and Kronheimer 
0 §4.3] for moduli spaces of instantons on 4-manifolds w.r.t. a generic (7* metric, 
and by McDuff and Salamon CHI §3] for smoothness of moduli spaces of pseudo- 
holomorphic curves on a symplectic manifold w.r.t. a generic (7* or smooth 
almost complex structure. 

Following these proofs, the author has a sketch proof of a version of Con¬ 
jecture |^21 using C’’ Kahler forms Q rather than smooth Kahler forms, for large 
Z ^ 3. It involves messy issues in infinite-dimensional analysis, so we will not 
give it. The reason for using (7^ Kahler forms is to be able to apply the Sard- 
Smale Theorem, a version of Sard’s Theorem for Banach manifolds. The author 
cannot yet see how to extend this to smooth Kahler forms. 
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